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ON THE PICARD GROUP SCHEME OF THE MODULI STACK OF
STABLE POINTED CURVES
ROBERTO FRINGUELLI AND FILIPPO VIVIANI
Abstract. The aim of the present paper is to study the (abstract) Picard group and the
Picard group scheme of the moduli stack of stable pointed curves over an arbitrary scheme. As
a byproduct, we compute the Picard groups of the moduli stack of stable or smooth pointed
curves over a field of characteristic different from two.
1. Introduction.
For any pair of integers g, n ≥ 0 such that 3g − 3 + n > 0, let f : Mg,n → SpecZ be the
stack of stable n-pointed curves of genus g and denote by fS :MSg,n → S its base change over
a scheme S. The aim of this paper is to describe the (abstract) Picard group Pic(MSg,n) of
MSg,n and the Picard group (algebraic) space PicMSg,n/S (which turns out to be a group scheme,
see Proposition 6.1) of fS : MSg,n → S, which represents the fppf sheafification of the relative
Picard group functor of fS (see Section 3).
In order to describe our main result, let us fix some notation. Denote by Λg,n the abelian
group generated by
λ, δirr and {δa,A : 0 ≤ a ≤ g, ∅ ⊆ A ⊆ [n] := {1, . . . , n} with (a,A) 6= (0, ∅), (g, [n])}
subject to the following relations
(1.0.1)

δa,A = δg−a,Ac ,
10λ = δirr + 2
∑
A∈[n]
δ1,A if g = 2,
12λ = δirr if g = 1,
λ+
∑
p∈A
δ0,A = 0 for any 1 ≤ p ≤ n if g = 1,
λ = δirr = 0 if g = 0,∑
z∈A
x,y 6∈A
δ0,A = 0 for any pairwise distinct x, y, z ∈ {1, . . . , n} if g = 0,
∑
p,q∈A
r,s 6∈A
δ0,A =
∑
p,r∈A
q,s 6∈A
δ0,A for any pairwise distinct p, q, r, s ∈ {1, . . . , n} if g = 0.
Note that Λg,n is a free abelian group of finite rank. For any scheme S, we will denote by Λg,n
S
the constant commutative group scheme over S associated to Λg,n.
In Section 4, we show that there exists a group homomorphism (that we call the tautological
homomorphism)
(1.0.2) P g,n : Λg,n → Pic(Mg,n),
that sends each generator of Λg,n into the tautological line bundle onMg,n with the same name,
using the standard convention that δ0,{i} = δg,{i}c := −ψi. For any scheme φ : S → SpecZ, we
1
define
(1.0.3) P g,n(S) : Λg,n
P g,n−−−→ Pic(Mg,n) φ
∗
−→ Pic(MSg,n),
(1.0.4) P
rel
g,n(S) : Λg,n
P g,n−−−→ Pic(Mg,n) φ
∗
−→ Pic(MSg,n)։
Pic(MSg,n)
f∗S(PicS)
,
φ :MSg,n →Mg,n is the base change morphism induced by φ. By construction, the homomor-
phisms {P relg,n(S)}S define a natural transformation from the constant presheaf Λg,n onto the
relative Picard functor of f : Mg,n → SpecZ; hence, by passing to the associated sheaves (for
the fppf topology), we get a homomorphism of commutative group schemes, compatible with
base change, that we call the tautological S-morphism:
(1.0.5) ΦSg,n : Λg,nS
→ Pic
M
S
g,n/S
.
The main result of this paper is the following
Main Theorem. Assume that S is a scheme over SpecZ[1/2] (or equivalently that the residue
field k(s) of every s ∈ S has characteristic different from 2) or that g ≤ 5.
(1) The homomorphism ΦSg,n of (1.0.5) is an isomorphism.
(2) If S is connected, then there is an isomorphism (functorial in S)
Pic(S)× Λg,n
f∗S×P g,n(S)−−−−−−−→
∼=
Pic(MSg,n).
The above Theorem was proved forM1,1 by Fulton-Ollson [FO10] over an arbitrary scheme S
(not necessarily over SpecZ[1/2]). In Remark 6.6, we discuss what happens if the assumptions
of the Main Theorem are not satisfied.
The Main Theorem allows us to compute the Picard group of Mkg,n and its open substack
Mkg,n parametrizing smooth n-pointed curves over a (not necessarily algebraically closed) field
k if either char(k) 6= 2 or g ≤ 5.
Main Corollary. Let k be a field. Assume that either the characteristic of k is different from
2 or that g ≤ 5.
(1) The Picard group Pic(Mkg,n) of Mkg,n is a free abelian group of finite rank, generated by
the tautological line bundles subject to the unique relations (1.0.1).
(2) The Picard group Pic(Mkg,n) ofMkg,n is generated by the tautological line bundles {λ, ψ1, . . . , ψn}
subject to the unique relations
(1.0.6)

10λ = 0 if g = 2,
12λ = 0 and λ = ψ1 = . . . = ψn if g = 1,
0 = λ = ψ1 = . . . = ψn if g = 0.
The above result was proved for k = C and g ≥ 3 by Arbarello-Cornalba [AC87], building
upon the topological proof by Harer [Har83, Har88] that Pic(MCg,n) is free of rank n+1 if g ≥ 3.
Moreover, the following special cases of the above Theorem were already known:
• Pic(Mk0,n) and Pic(Mk0,n) were known by the work of Keel [Kee92];
• Pic(Mk1,1) and Pic(Mk1,1) were computed by Fulton-Ollson [FO10] (extending to char-
acteristic 2 and 3 the previous results of Mumford [Mum65] and Edidin-Graham [EG98,
Prop. 21]);
• Pic(Mk2,0) was computed by Vistoli [Vis98] if char(k) 6= 2 and Bertin [Ber06] if char(k) =
2;
• Pic(Mk2,0) was computed by Larson [Lar] if char(k) 6= 2, 3;
• Pic(Mkg,0) for g = 3, 4, 5 was computed by Di Lorenzo [DL].
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The above Corollary was also known for the rational Picard group Pic(Mkg,n)Q over an alge-
braically closed field k: Arbarello-Cornalba [AC98] computed Pic(MCg,n) for k = C using Hodge
theory and the Harer’s vanishing theorem [Har86] for the homology of the mapping class group;
Moriwaki [Mor01] was able to extend the result to Pic(Mkg,n)Q for an arbitrary k = k, using
the case k = C and e´tale cohomology.
Let us comment on the strategy and the ingredients in the proof of the Main Theorem (and
also of the Main Corollary). The proof has two main steps.
As a first step, we prove in Theorem 5.2 that, if k is an algebraically closed field, then
Pic(Mkg,n) is a finitely generated (abelian) group and it admits a splitting
(1.0.7) Pic(Mkg,n) = Pictaut(Mkg,n)⊕ Pic(Mkg,n)tor,
where the (so called) tautological subgroup Pictaut(Mkg,n) ⊆ Pic(Mkg,n), generated by the tauto-
logical line bundles, is torsion-free and such that the relations among the tautological line bun-
dles are generated by the relations (1.0.1); while the torsion subgroup Pic(Mkg,n)tor ⊂ Pic(Mkg,n)
is a finite (abelian) p-group where p = char(k) (in particular it is trivial when char(k) = 0).
Two crucial ingredients in the proof of (1.0.7) are the fact that Mkg,n is algebraically simply
connected (see Theorem 5.8) and the weak Franchetta conjecture (see Theorem 5.6, where we
extend the proof of Schro¨er [Sch03] to g < 3) that allows us also to prove that
(1.0.8) Pic(Mkg,n)tor
∼=−→ Pic(M
k
g,n)
Pictaut(Mkg,n)
∼=←−

Pic(Mkg)
Pictaut(Mkg)
for g ≥ 2,
Pic(Mk1,1)
Pictaut(Mk1,1)
for g = 1,
where Pictaut(Mkg,n) ⊆ Pic(Mkg,n) is the subgroup generated by the tautological line bundles.
The second step of the proof is the vanishing of the torsion component of the Picard group
scheme (over an algebraically closed field k)
(1.0.9) Picτ
M
k
g,n/k
= 0.
If char(k) = 0, this follows from the vanishingPicτ
M
k
g,n/k
(k) = Pic(Mkg,n)tor = 0 (see Proposition
5.10). If char(k) = p > 0, we consider the torsion component ΠτW (k) : Pic
τ
M
W (k)
g,n /W (k)
→
SpecW (k) of the Picard group space of MW (k)g,n → SpecW (k), where W (k) is the ring of Witt
vectors with residue field k, which is a generically trivial group scheme by the above vanishing
in characteristic zero. From a generalization to algebraic stacks of a result of Raynaud [Ray79]
(see Theorem 7.1 of the Appendix), we deduce that ΠτW (k) is flat if char(k) = p > 2 and flat
along the zero section if char(k) = p = 2 (see Theorem 6.2). This is enough to prove the
vanishing (1.0.9) if either char(k) > 2 (see Proposition 6.3) or g ≤ 5 (in this last case we use
(1.0.8) and the knowledge of Pic(Mkg) for g ≤ 5).
The paper is organized as follows. In Section 2, we review some basic properties of the stack
Mg,n of smooth pointed curves and of the stackMg,n of stable pointed curves. In Section 3, we
collect the properties of the Picard group space PicX/S of a cohomologically flat algebraic stack
f : X → S, following and expanding upon the work of Brochard [Bro09] and [Bro12]. In Section
4, we prove that the tautological homomorphism (1.0.2) is well-defined. In Section 5, we study
the Picard group ofMkg,n over an algebraically closed field k = k and its tautological subgroup.
In Section 6, we prove the Main Theorem and the Main Corollary. In the Appendix 7, we prove
a flatness result for PicτX/R → SpecR, for an algebraic stack X proper and cohomological flat
over the spectrum of a discrete valuation ring R, extending a result of Raynaud [Ray79] for
schemes.
3
2. Preliminaries
2.1. The stackMg,n of smooth pointed curves. Given two integers g, n ≥ 0, we will denote
byMg,n the stack whose fiber over a scheme S is the groupoid of families (f : C → S, σ1, . . . , σn)
of smooth n-pointed curves of genus g over S, i.e. C is an algebraic space, f is a smooth
and proper morphism, {σ1, . . . , σn} are sections of f that are fiberwise disjoint and for each
geometric point s→ S the fiber Cs of f over s is a (smooth and projective) connected curve of
genus g.
It is well known that the stack Mg,n is algebraic, smooth, separated and of finite type over
SpecZ, with geometric fibers that are connected (and hence integral) of dimension 3g − 3 + n.
Moreover, the stack Mg,n is a DM(=Deligne-Mumford) stack if and only if 3g − 3 + n > 0.
Given a scheme S, we will denote by MSg,n → S the base change of Mg,n → SpecZ via the
natural morphism S → SpecZ. When S = SpecR for a ring R (resp. S = Speck for a field k),
we will set MRg,n :=MSpecRg,n (resp. Mkg,n :=MSpec kg,n ).
The complex analytic stack associated to the complex algebraic stack MCg,n will be denoted
by Mang,n.
2.2. The stack Mg,n of stable pointed curves. Given two integers g, n ≥ 0 such that
3g − 3 + n > 0 (we call such a pair (g, n) hyperbolic), we will denote by Mg,n the stack whose
fiber over a scheme S is the groupoid of families (f : C → S, σ1, . . . , σn) of stable n-pointed
curves of genus g over S, i.e. f is a flat and proper morphism, {σ1, . . . , σn} are sections of
f that are fiberwise disjoint, the log dualizing sheaf ωf (
∑n
i=1 σi) is an f -relatively ample line
bundle and for each geometric point s → S the fiber Cs of f over s is a (projective) connected
nodal curve of arithmetic genus g such that the points {σ1(s), . . . , σn(s)} are smooth points of
Cs.
The following result is well-known.
Fact 2.1. [DM69] The stackMg,n is a DM algebraic stack, smooth and proper over SpecZ, with
geometric fibers that are connected (and hence integral) of dimension 3g − 3 + n. In particular,
the stack Mg,n is an open and dense substack of Mg,n.
Given a scheme S, we will denote by fS :MSg,n → S the base change of Mg,n → SpecZ via
the natural morphism S → SpecZ. When S = SpecR for a ring R (resp. S = Speck for a field
k), we will set MRg,n :=MSpecRg,n (resp. Mkg,n :=MSpec kg,n ).
The complex analytic stack (or complex analytic orbifold) associated to the complex algebraic
stackMCg,n will be denoted byMang,n. By a slight abuse of notation, we will also denote byMang,n
the DM topological stack (in the sense of [Noo, §14]) naturally associated to MCg,n (see [Noo,
§20]). We will need the following well-known result, a proof of which (using Teichmu¨ller theory)
can be found in [BP00, Prop. 1.1].
Proposition 2.2. The topological stack Mang,n is (topologically) simply connected, i.e. any
connected (topological) cover of Mang,n is trivial1.
3. The Picard group space of an algebraic stack
The aim of this section (which we believe to be of independent interest) is to collect the
properties of the Picard group (algebraic) space of an algebraic stack. Our main sources are
the two papers of Brochard [Bro09] and [Bro12], but we will also give some complements to the
results proved in loc. cit.
If X is an algebraic stack, we will denote by Pic(X ) the abelian group of invertible sheaves
(or line bundles) on X . Given a stack f : X → S over a scheme S, the relative Picard functor
1this is equivalent to the fact that the fundamental group pi1(M
an
g,n, x) of the topological stack M
an
g,n (with
respect to a base point x) is trivial, see [Noo, §17, §18]
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of X → S, denoted by PX/S , is the functor
PX/S : SchS −→ Ab,
T 7→ Pic(XT )
f∗T Pic(T )
,
where fT : XT := X ×S T → T is the base change of f via T → S, and Ab is the category
of abelian groups. We will denote by PicX/S , and we call it the Picard sheaf of X → S, the
fppf sheaf associated to PX/S . If S = SpecR is an affine scheme, then we will set PicX/R :=
PicX/SpecR. Note that if S = Speck with k an algebraically closed field, then PicX/k(k) =
Pic(X ) (see [Kle05, Ex. 9.2.3]).
S. Brochard proved in [Bro09] the following representability result on PicX/S , generalizing
the representability results of Grothendieck, Mumford and Artin (see [BLR90, Sec. 8.2, 8.3],
[Kle05, Sec. 9.4] and the references therein).
Theorem 3.1. If f : X → S is cohomological flat in degree zero, i.e. f is flat and the
natural morphism OS
∼=−→ f∗OX is an isomorphism universally, then the Picard sheaf PicX/S is
represented by a commutative group algebraic space (i.e. a commutative group-like object in the
category of algebraic spaces) locally of finite type over S, that we denote by PicX/S and call it
the Picard group (algebraic) space. Moreover, PicX/S commutes with base change, i.e. for any
morphism T → S we have that PicXT /T := PicX/S ×ST .
Proof. The representability of PicX/S by an algebraic space follows by [Bro09, Thm. 1.1, Prop.
2.3.3]. The fact that PicX/S is an algebraic commutative group space follows from the fact that
its functor of points, i.e. PicX/S , take values in the category AbGrps of abelian groups. The
fact that PicX/S is locally of finite type over S is proved as in [Kle05, Prop. 9.4.17]. The fact
that PicX/S commutes with base change follows from [Kle05, Ex. 9.4.4]. 
Note that if f : X → S is proper and flat with geometrically reduced and geometrically
connected fibers, then f is cohomological flat in degree 0 (see [Kle05, Ex. 9.3.11]).
Assume now that X → Speck is a cohomologically flat stack over a field k. Then PicX/k is
a commutative group scheme locally of finite type over k, as it follows from Theorem 3.1 and
the fact that every group algebraic space locally of finite type over a field is a group scheme
by [Art69, Lemma 4.2, p. 43]. Hence we can call PicX/k the Picard group scheme of X/k.
The smoothness and the dimension of PicX/k is governed by the first and second cohomology
groups of the structure sheaf of X .
Proposition 3.2. Let X → Speck be a cohomologically flat stack over a field k.
(i) We have
dimPicX/k ≤ TePicX/k = H1(X ,OX ),
where TePicX/k is the tangent space of PicX/k at its identity element e.
Moreover, equality holds in the above inequality if and only if PicX/k is smooth.
(ii) If char(k) = 0 or H2(X ,OX ) = 0, then PicX/k is smooth.
Proof. This follows from the following facts:
• the tangent (resp. an obstruction) space to the deformation functor of a line bundle on
X is equal to H1(X ,OX ) (resp. H2(X ,OX ) = 0), see [Bro09, Thm. 3.1.3, Thm. 4.1.3];
• a group scheme G locally of finite type over a field k is smooth if and only if it is smooth
at its identity element e ∈ G(K);
• if char(k) = 0, then every group scheme G locally of finite type over k is smooth
(Cartier’s theorem).

The Picard group scheme PicX/k (of a cohomological flat stack X → Spec k over a field k)
admits two notable open and closed group subschemes
(3.0.1) PicoX/k ⊂ PicτX/k ⊂ PicX/k,
5
where PicoX/k is the connected component of PicX/k containing the identity element and Pic
τ
X/k
is the torsion component of PicX/k containing the identity element, i.e.
PicτX/k =
⋃
n>0
φ−1n (Pic
o
X/k),
where φn : PicX/k → PicX/k is the n-th power map homomorphism. Note that the formation
of PicoX/k and of Pic
τ
X/k commutes with field extensions, and that Pic
o
X/k is geometrically
irreducible and of finite type over k (see [Kle05, Lemma 9.5.1, 9.6.9]).
The geometric meaning of the above two group subschemes (for proper stacks over alge-
braically closed fields) is clarified by the following result.
Proposition 3.3. Let X → Spec k be a cohomologically flat and proper stack over an alge-
braically closed field k. Let L be a line bundle on X and let [L] ∈ PicX/k(k) be its class.
(i) [L] ∈ PicoX/k(k) if and only if L is algebraic equivalent to the trivial line bundle OX , i.e.
there exists a connected scheme T of finite type over k, a line bundle L on X ×k T and
two points t0, t1 ∈ T (k) such that L|X×{t0} = L and L|X×{t1} = OX .
(ii) [L] ∈ PicτX/k(k) if and only if L is numerically trivial, i.e. for any integral proper k-curve
C contained in X we have that deg(L|C) = 0.
Proof. Part (i) can be proved as in [Kle05, Prop. 9.5.10] (as observed in [Bro09, Thm. 4.2.3]).
Part (ii): the case when X is a projective scheme over k is well known (see [Kle05, Thm.
9.6.3, Ex. 9.6.11]). Let us now prove the general case.
If [L] ∈ PicτX/k(k) then, by definition of PicτX/k and part (i), we have that Ln is algebraically
equivalent to OX for some n ≥ 1. This implies that, for any integral proper k-curve C ⊂ X ,
Ln|C is algebraically equivalent to OC , which in turn implies that deg(L|C) = 0 since the degree
of line bundles on a proper integral curve is invariant under algebraic equivalence.
Conversely, assume that L is numerically trivial. By Chow’s lemma, there exists a projective
k-scheme X endowed with a surjective (proper) morphism X → X . By the projection formula,
we have that f∗(L) is numerically trivial on C. Since the statement we want to prove is true for
PicX/k (as recalled above), we deduce that [f
∗(L)] = f∗([L]) ∈ PicτX/k(k) where f∗ : PicX/k →
PicX/k is the morphism induced by the pull-back. Since (f
∗)−1(PicτX/k) = Pic
τ
X/k by [Bro12,
Lemma 3.3.2], we conclude that [L] ∈ PicτX/k(k). 
Moreover, again under the assumption that X is proper over k, the above two group sub-
schemes are quasi-projective.
Proposition 3.4. Let X → Speck be a cohomologically flat stack over a field k.
(i) If X is proper over k then PicoX/k and PicτX/k are quasi-projective schemes over k.
(ii) If X is proper over k and geometrically normal, then PicoX/k and PicτX/k are projective
schemes over k.
Proof. If X is proper over k then PicoX/k is quasi-projective by [Bro12, Cor. 2.3.7] and PicτX/k
is of finite type by [Bro12, Thm. 3.3.3(2)], which proves part (i).
If X is proper over k and geometrically normal then PicoX/k is proper over k by [Bro09, Thm.
4.3.1], which together with part (i), proves part (ii). 
Note that, under the assumption of the previous Proposition, PicτX/k is the biggest group
subscheme of PicX/k that is of finite type over k (see [Kle05, Ex. 9.6.10]).
The quotients of the Picard group scheme PicX/k (of a cohomological flat stack X → Speck
over a field k) by the two subgroups of (3.0.1)
(3.0.2) NSX/k :=
PicX/k
PicoX/k
։ NSνX/k :=
PicX/k
PicτX/k
6
are commutative group schemes e´tale and locally of finite type over k, which are called, re-
spectively, the Neron-Severi and numerical Neron-Severi group schemes of X/k. Note that the
formation of NSX/k and NS
ν
X/k commutes with field extensions.
If X is a (cohomologically flat) stack over an algebraically closed field k = k then we set
Pico(X ) := PicoX/k(k) and Picτ (X ) := PicτX/k(k),
NS(X ) := NSX/k(k) =
Pic(X )
Pico(X ) and NS
ν(X ) := NSνX/k(k) =
Pic(X )
Picτ (X ) .
Proposition 3.5. Let X → Spec k be a cohomologically flat and proper stack over an alge-
braically closed field k. Then NS(X ) is a finitely generated abelian group such that its torsion
subgroup is equal to
(3.0.3) NS(X )tor = Pic
τ (X )
Pico(X ) ,
and its torsion-free quotient is equal to
(3.0.4) NS(X )tf = NSν(X ).
Proof. The fact that NS(X ) = NSX/k(k) is a finitely generated abelian group follows from
[Bro12, Thm. 3.4.1]. The other assertions follows immediately from the definition ofPicτX/k. 
Now, going back to the general case of a cohomologically flat stack X → S over a general
scheme S, we can consider the following two locally constructible subsets of PicX/S (see [Gro62,
VI, Thm. 1.1])
(3.0.5) PicoX/S :=
⋃
s∈S
PicoXs/k(s) ⊂ PicτX/S :=
⋃
s∈S
PicτXs/k(s) ⊂ PicX/k .
While the openess of PicoX/S is a delicate issue (see [Kle05, Prop. 9.5.20] and [Bro09, Prop.
4.2.10] for some criteria and [Bro12, Ex. 3.3.4] for a counterexample), it turns out that PicτX/S
is open if f is proper (and finitely presented) and it has many nice properties, as we now show.
Theorem 3.6. Let f : X → S be a cohomologically flat stack over a scheme S and assume that
f is proper and finitely presented.
(i) PicτX/S is an open group (algebraic) subspace of PicX/S , which is of finite type over S
and whose formation commutes with base change.
(ii) Let s be a point of S such that H2(Xs,OXs) = 0. Then there exists an open neighboorhood
of s in S over which PicX/S (and hence also Pic
τ
X/S) is smooth.
(iii) If the fibers of f are geometrically normal then
(a) PicX/S (and hence also Pic
τ
X/S) is separated over S.
(b) PicX/S (and hence also Pic
τ
X/S) is equidimensional over S.
(c) PicτX/S is closed in PicX/S.
(iv) If the fibers of f are smooth (or, equivalently, if f is smooth), then
(a) PicX/S → S satisfies the valuative criterion of properness.
(b) PicτX/S is proper over S.
(v) If S is Noetherian, then
• the number of geometric connected components of the fibers of PicτX/S → S is bounded.
• the ranks of the free abelian groups NSν(Xs) (as s varies among the points of S) are
bounded.
Note that, under the assumptions of (iv), the morphismPicX/S → S is not proper, in general,
because it is not quasi-compact.
Proof. Part (i): the fact that PicτX/S ⊂ PicX/S is open and that PicτX/S is of finite type over
S follows from [Bro12, Thm. 3.3.3]; the fact that the formation of PicτX/S commutes with base
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changed follows from the same property of PicX/S together with the definition of Pic
τ
X/S and
the fact that the formation of each PicτXs/k(s) (for s ∈ S) commutes with field extensions.
Part (ii) can be proved as in [Kle05, Prop. 9.5.19], using that H2(Xs,OXs) is an obstruction
space for the deformation functor of a line bundle on Xs (see [Bro09, Thm. 3.1.3]).
Part (iiia) follows from [Bro09, Prop. 3.2.5].
Part (iiib) is proved as in [Gro62, VI, Cor. 2.7] using that the fibers PicXs/k(s) do not contain
additive components by Proposition 3.4(ii).
Part (iiic) is proved as in [Gro62, VI, Cor. 2.3] using Proposition 3.4(ii) and [Gro62, VI,
Thm. 1.1].
Part (iva): PicX/S → S satisfies the uniqueness part of the valuative criterion becausePicX/S
is separated over S, by part (iiia). The fact that PicX/S → S satisfies the existence part of the
valuative criterion, under the assumption that f is smooth, is proved as in [Gro62, VI, Thm.
2.1].
Part (ivb): PicτX/S satisfies the valuative criterion of properness since PicX/S → S does by
(iva) and PicτX/S ⊆ PicX/S is a closed embedding (hence proper) by (ivb). We conclude that
PicτX/S is proper over S since it is of finite type over S by (i).
Part (v) follows from [Bro12, Thm. 3.4.1]. 
Note that the ranks of the free abelian groups NSν(Xs) can jump by specializations of the
points of S and the function s 7→ rkNSν(Xs) is not constructible (see [BLR90, p. 235] for
an explicit example and [MP12] for a detailed discussion on the specialization of Neron-Severi
groups).
4. The tautological homomorphism
The aim of this section is to construct the tautological homomorphism P g,n of (1.0.2). With
this in mind, let us introduce the following abelian groups.
Definition 4.1. Let Γg,n the free abelian group generated by
λ, δirr and {δa,A : 0 ≤ a ≤ g, ∅ ⊆ A ⊆ [n] with (a,A) 6= (0, ∅), (g, [n])}.
Let Rg,n the subgroup of Γg,n generated by the relations (1.0.1), so that Λg,n = Γg,n/Rg,n.
Consider the universal family π : Cg,n → Mg,n and denote by {σ1, . . . , σn} the n universal
sections. We define the following homomorphism
(4.0.1)
Pg,n : Γg,n −→ Pic(Mg,n),
λ 7→ λ = det ((Rπ)∗(ωpi)) ,
δirr 7→ δirr = O(∆irr),
δa,A 7→
{
−ψi = −σ∗i (ωpi) if (a,A) = (0, {i}) or (a,A) = (g, {i}c),
δa,A = O(∆a,A) otherwise,
where ∆irr and ∆a,A are the boundary (Cartier) divisors of Mg,n whose generic points are,
respectively, curves with one non-separating node or curves with one separating node whose
normalization is a disjoint union of a curve of genus a containing the marked points in A and a
curve of genus g − a containing the marked points in Ac (see [Knu83a, Def. 3.8]). We also set
for convenience δ0,{i} = δg,{i}c := −ψi.
Proposition 4.2. The subgroup Rg,n ⊂ Γg,n is contained in the kernel of Pg,n. In particular,
the homomorphism Pg,n factors through a homomorphism
P g,n : Λg,n → Pic(Mg,n).
Proof. We will prove that each of the relations of (1.0.1) holds true for the tautological line
bundles on Pic(Mg,n).
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First of all, the relation δa,A = δg−a,Ac holds true by definition if (a,A) = (0, {i}), (g, {i}c),
and because ∆a,A = ∆g−a,Ac in the other cases. In order to look at the other relations, we will
distinguish the cases g = 0, 1, 2.
I Case: g = 0.
• The relation δirr = 0 hold true because ∆irr = ∅ if g = 0.
• The relation λ = 0 holds true because π∗(ωpi) = 0 and (R1π)∗(ωpi) = OMg,n .
• The relation ∑
z∈A
x,y 6∈A
δ0,A = 0
holds true for n = 3 because M0,3 = SpecZ and hence δ0,{z} = −ψz = 0. The case of
n ≥ 4 follows by pull-back through the morphism
ζx,y,z :M0,n →M0,3
that forgets the marked points in [n] \ {x, y, z} (and then it stabilizes), and using the
pull-back formulas of [AC98, Lemma 3.1].
• The relation ∑
p,q∈A
r,s 6∈A
δ0,A =
∑
p,r∈A
q,s 6∈A
δ0,A
holds true for n = 4 because M0,4 = P1Z and the three boundary divisors (which are
identified with 0Z, ∞Z and 1Z) are linearly equivalent. The case of n ≥ 5 follows by
pull-back through the morphism
ζp,q,r,s :M0,n →M0,4
that forgets the marked points in [n] \ {p, q, r, s} (and then it stabilizes), and using the
pull-back formulas of [AC98, Lemma 3.1].
II Case: g = 1. The relations 
12λ − δirr = 0,
λ+
∑
p∈A
δ0,A = 0
hold in Pic(M1,1), as it is shown in [ACG11, Chap. XIV, Example (7.11)]. The case of n ≥ 2
follows by pull-back through the morphism
ζp :M1,n →M1,1
that forgets the marked points in [n] \ {p} (and then it stabilizes), and using the pull-back
formulas of [AC98, Lemma 3.1].
III Case: g = 2.
We have to prove that the relation
(4.0.2) 10λ − δirr − 2
∑
A⊆[n]
δ1,A = 0
holds true in Pic(M2,n). We will prove it in three steps.
• Step I: The relation
(4.0.3) 10λ− δirr − 2δ1 = 0
holds true in Pic(Mk2) for any algebraically closed field k2.
Indeed, since the stack Mk2 is regular, we have an exact sequence (see [PTT15, Prop.
1.9])
0→ 〈δirr, δ1〉 → Pic(Mk2)→ Pic(Mk2)→ 0.
2This was proved in [Cor07] if char(k) = 0.
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We know that Pic(Mk2) is a cyclic group of order 10 generated by λ (see [Vis98] if
char(k) 6= 2 and [Ber06] if char(k) = 2). Therefore, we must have that
(4.0.4) 10λ = aδirr + bδ1 ∈ Pic(Mk2) for certain a, b ∈ Z.
By the structure of Pic(Mk2)Q (see [AC98] if char(k) = 0 and [Mor01] if char(k) = p > 0),
it follows that δirr and δ1 are linearly independent, and that the relation (4.0.3) holds
true in Pic(Mk2)Q. Hence, we deduce that the relation (4.0.4) must coincide with (4.0.3),
and we are done.
• Step II: The relation (4.0.3) holds true in Pic(M2).
The line bundle L := 10λ − δirr − 2δ1 ∈ Pic(M2) is trivial on the geometric fibers of
f : M2 → SpecZ by the Step I. Hence, by the seesaw principle applied to the proper
morphism f with geometrically integral fibers (which holds by the same proof of [Fri18,
Cor. B.9] replacing [Fri18, Prop. B.4] with [Bro12, Cor. A.2.4]), we get that L = f∗(M)
for a certain line bundle M on SpecZ. However, Pic(SpecZ) = 0 which implies that L
is trivial.
• Step III: The relation (4.0.2) holds true in Pic(M2,n).
Consider the morphism
ζ :M2,n →M2
that forgets all the marked points (and then it stabilizes). Using the pull-back formulas
of [AC98, Lemma 3.1], it follows that the pull-back of the relation (4.0.3) in Pic(M2) is
equal to the relation (4.0.2) in Pic(M2,n) and we are done.

5. The Picard group of Mkg,n
Throughout this section, we assume that k = k is an algebraically closed field of characteristic
0 or p > 0.
The aim of this section is to study the Picard group of Mkg,n and of Mkg,n. First we made
the following
Definition 5.1. [Tautological Picard groups]
(i) The tautological Picard group of Mkg,n, denoted by Pictaut(Mkg,n), is the subgroup of the
Picard group Pic(Mkg,n) generated by the tautological line bundles, i.e. the Hodge line
bundle λ, the cotangent line bundles {ψi}ni=1, and the boundary divisors δirr and
{δa,A : 0 ≤ a ≤ g, ∅ ⊆ A ⊆ [n] with |A| ≥ 2 if a = 0 and |A| ≤ g − 2 if a = g},
with the identification δa,A = δg−a,Ac . For convenience in the formulas that follow, we will
set δ0,{i} = δg,{i}c := ψi for any 1 ≤ i ≤ n.
(ii) The tautological Picard group of Mkg,n, denoted by Pictaut(Mkg,n), is the subgroup of the
Picard group Pic(Mkg,n) generated by the tautological line bundles, i.e. the Hodge line
bundle λ and the cotangent line bundles {ψi}ni=1.
We collect in the following Theorem all the results that will be proved in this section.
Theorem 5.2.
(1) The tautological Picard group Pictaut(Mkg,n) of Mkg,n is a free abelian group and the
subgroup of relations among the tautological line bundles is generated by the relations
given in (1.0.1).
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(2) The tautological Picard group Pictaut(Mkg,n) of Mkg,n is equal to
(5.0.1) Pictaut(Mkg,n) =

Z〈λ〉 ⊕ Z〈ψ1〉 ⊕ · · · ⊕ Z〈ψn〉 ∼= Zn+1 if g ≥ 3,
Z
10Z 〈λ〉 ⊕ Z〈ψ1〉 ⊕ · · · ⊕ Z〈ψn〉 ∼= Z10Z ⊕ Zn if g = 2,
Z
12Z generated by λ = ψ1 = . . . = ψn if g = 1,
0 if g = 0.
Moreover, the restriction homomorphism resg,n : Pic(Mkg,n) → Pic(Mkg,n) induces an
isomorphism
(5.0.2) [resg,n] :
Pic(Mkg,n)
Pictaut(Mkg,n)
∼=−→ Pic(M
k
g,n)
Pictaut(Mkg,n)
.
(3) Let F : Mkg,n → Mkg for g ≥ 2 (resp. F : Mk1,n → Mk1,1 for g = 1) be the forget-
ful morphism. The pull-back map F ∗ on the Picard groups is injective and it induces
isomorphisms
(5.0.3)

[F ∗] :
Pic(Mkg)
Pictaut(Mkg)
∼=−→ Pic(M
k
g,n)
Pictaut(Mkg,n)
for g ≥ 2,
[F ∗] :
Pic(Mk1,1)
Pictaut(Mk1,1)
∼=−→ Pic(M
k
1,n)
Pictaut(Mk1,n)
for g = 1.
(4) There is a canonical splitting
(5.0.4) Pic(Mkg,n) = Pictaut(Mkg,n)⊕ Pic(Mkg,n)tor.
Moreover, we have that
(a) Pic(Mg,n)tor is equal to zero if either char(k) = 0 or g ≤ 5.
(b) Pic(Mg,n)tor is a finite p-group if char(k) = p > 0.
(c) If g ≥ 2, then the pull-back along the forgetfull-stabilization morphism F :Mkg,n →
Mkg induces an isomorphism
(5.0.5) F
∗
: Pic(Mkg)tor
∼=−→ Pic(Mkg,n)tor.
The above Theorem is well-known if g = 0 due to the work of Keel [Kee92]. Therefore, we
will sometimes assume in what follows that g ≥ 1.
Remark 5.3. It follows from the above Theorem (see also [Kee92] for g = 0) that
rkPictaut(Mkg,n) =

1 +
⌈
2n(g+1)
2
⌉
if g ≥ 3,⌈
2n(g+1)
2
⌉
if g = 2,
2n − n if g = 1,
2n−1 − (n2)− 1 if g = 0.
We subdivide the proof of the above Theorem into four separate subsections, one for each
item.
5.1. Tautological Picard group Pictaut(Mkg,n). The aim of this subsection is to prove The-
orem 5.2(1).
By the definition of the tautological subgroup Pictaut(Mkg,n) ⊆ Pic(Mkg,n), the homomor-
phism (4.0.1) gives rise to a surjective homomorphism
(5.1.1) Pg,n(k) : Γg,n ։ Pic
taut(Mkg,n),
whose kernel contains Rg,n by Proposition 4.2.
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Proof of Theorem 5.2(1). Consider the following commutative diagram
(5.1.2)
ker(Pg,n(k)) Γg,n ∩ (Rg,n)Q (Rg,n)Q
Γg,n Γg,n (Γg,n)Q
Pictaut(Mkg,n) Pictaut(Mkg,n)tf Pictaut(Mkg,n)Q
Pg,n(k)
The vertical columns in the above diagram are all exact: the left vertical column is exact
by definition; the right vertical column is exact by the description of Pictaut(Mkg,n)Q (which
indeed coincide with Pic(Mkg,n)Q) obtained by [AC98, Thm. 2.2] in characteristic zero and
[Mor01] in positive characteristic; the middle vertical column is exact because of the inclusion
Pictaut(Mkg,n)tf →֒ Pictaut(Mkg,n)Q.
Now observe that
(5.1.3) Γg,n ∩ (Rg,n)Q = Rg,n ⊆ ker(Pg,n(k)),
where the first equality is a straightforward computation using the generators (1.0.1) of Rg,n
and the second one follows from Proposition 4.2.
From the commutative diagram (5.1.2) with exact columns and the equalities (5.1.3), we get
(5.1.4) Pictaut(Mkg,n) = Pictaut(Mkg,n)tf
[Pg,n(k)]←−−−−−
∼=
Γg,n
Rg,n
,
which concludes the proof. 
5.2. Tautological Picard group Pictaut(Mkg,n) and the restriction homomorphism. The
aim of this subsection is to prove Theorem 5.2(2). We will assume throughout this subsection
that g ≥ 1, since the case g = 0 follows easily from the work of Keel [Kee92].
With this aim, it is convenient to introduce the following abelian groups.
Definition 5.4. Fix an hyperbolic pair (g, n) such that g ≥ 1.
(i) Let Γog,n be the free abelian group generated by
λ and {δ0,{i}, δ0,{i}c : 1 ≤ i ≤ n}.
Let Rog,n be the subgroup of Γ
o
g,n generated by
δ0,{i} − δ0,{i}c for any 1 ≤ i ≤ n,
10λ if g = 2,
12λ if g = 1,
λ+ δ0,{p} for any 1 ≤ p ≤ n if g = 1.
Set Λog,n := Γ
o
g,n/R
o
g,n.
(ii) Let Γ∂g,n the free abelian group generated by
δirr and {δa,A : 0 ≤ a ≤ g, ∅ ⊆ A ⊆ [n] with |A| ≥ 2 if a = 0 and |A| ≤ g − 2 if a = g}.
Remark 5.5. From Definitions 4.1 and 5.4, it follows that there is an exact sequence
0→ Γ∂g,n → Γg,n
ρ−→ Γog,n → 0,
and that we have Rog,n = ρ(Rg,n).
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By the definition of Pictaut(Mkg,n), there is a surjective homomorphism
(5.2.1)
P og,n : Γ
o
g,n ։ Pic
taut(Mkg,n),
λ 7→ λ,
δ0,{i}, δg,{i}c 7→ −ψi.
Proof of Theorem 5.2(2). We can assume that g ≥ 1, since the case g = 0 follows from [Kee92].
Consider the following commutative diagram
(5.2.2)
Γ∂g,n Γg,n Γ
o
g,n
ker(restautg,n ) Pic
taut(Mkg,n) Pictaut(Mkg,n)
ker(resg,n) Pic(Mkg,n) Pic(Mkg,n)
P ∂g,n
P˜ ∂g,n
ρ
Pg,n(k) P og,n
restautg,n
resg,n
where:
• resg,n is the restriction homomorphism and restautg,n := (resg,n)|Pictaut(Mkg,n);
• the equality P og,n ◦ ρ = restautg,n ◦Pg,n(k) follows from the definitions (4.0.1) and (5.2.1);
• P ∂g,n is the restriction of Pg,n(k) to G∂g,n and P˜ ∂g,n is the composition of P ∂g,n with the
inclusion ker(restautg,n ) →֒ ker(resg,n);
• the first row is exact by Remark 5.5;
• the middle row is exact because restautg,n is surjective by the definition of the tautological
subgroups;
• the last row is is exact because resg,n is surjective since Mkg,n is smooth over k (see e.g.
[PTT15, Prop. 1.9]).
By construction, the image of the composition
Γg,n
P˜ ∂g,n−−−→ ker(resg,n) →֒ Pic(Mkg,n)
is the subgroup of Pic(Mkg,n) generated by the boundary divisors of Mkg,n and this subgroup is
exactly ker(resg,n) by [PTT15, Prop. 1.9]. Hence we deduce that:
(a) ker(restautg,n ) = ker(resg,n);
(b) P ∂g,n is surjective.
From (a), we get that resg,n induces the isomorphism (5.0.2). From (b) together with the fact
that ker(Pg,n(k)) = Rg,n (see (5.1.4)), we get that ker(P
o
g,n) = ρ(Rg,n), which coincides with
Rog,n by Remark 5.5. Hence the morphism P
o
g,n induces the isomorphism
Γog,n
Rog,n
∼=−−−→
[P og,n]
Pictaut(Mkg,n),
from which we deduce the explicit presentation (5.0.1). 
5.3. Weak Franchetta Conjecture and the forgetful homomorphism. The aim of this
subsection is to prove Theorem 5.2(3).
The proof is based on the “Weak Franchetta Conjecture”, which is the computation of the
relative Picard of the universal curve π : Ckg,n →Mkg,n:
RPic(Ckg,n) := Pic(Ckg,n)/π∗ Pic(Mkg,n).
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Note that when Mkg,n is generically a scheme (which happens precisely when g + n ≥ 3),
the restriction to the generic fiber Cηg,n → ηg,n = Spec k(Mkg,n) of π : Ckg,n →Mkg,n induces an
isomorphism (see [FV, Prop. 2.3.2])
(5.3.1) RPic(Ckg,n)
∼=−→ Pic(Cηg,n).
Theorem 5.6 (Weak Franchetta Conjecture). Let g, n ≥ 0 such that 2g − 2 + n > 0. The
group RPic(Ckg,n) is generated by the relative dualizing line bundle ωpi and the line bundles
{O(σ1), . . . ,O(σn)} associated to the universal sections σ1, . . . , σn, subject to the following re-
lations:
• if g = 1 then ωpi = 0;
• if g = 0 then O(σ1) = . . . = O(σn) and ωpi = O(−2σ1).
The above result was proved for g ≥ 3 by Arbarello-Cornalba [AC87] in characteristic zero
and by Schro¨er [Sch03] in arbitrary characteristic. Moreover, the result for RPic(Ckg,n)Q follows
from the computation of Pic(Mkg,n)Q performed by Arbarello-Cornalba [AC98] in characteristic
zero and by Moriwaki [Mor01] in positive characteristic.
Proof. We will distinguish two cases, according to whether or notMkg,n is generically a scheme.
Case I: g + n ≥ 3
Under this assumption, using the isomorphism (5.3.1), we have to show that Pic(Cηg,n) is
generated by the dualizing line bundle ωCηg,n and the line bundles {O(p1), . . . ,O(pn)} associated
to the marked points {p1 := σ1(ηg,n), . . . , pn := σn(ηg,n)}, subject to the following relations:
• if g = 1 then ωCηg,n = 0;
• if g = 0 then O(p1) = . . . = O(pn) and ωCηg,n = O(−2p1).
The case g = 0 is easy. Indeed, the generic curve Cη0,n is a geometrically connected smooth
projective curve of genus 0 with at least one K := k(Mk0,n)-rational point (since n ≥ 1), and
hence Cη0,n is isomorphic (over K) to P1K . Now the result follows from the fact that Pic(P1K) is
infinite cyclic generated by O(1) and the fact that O(pi) = O(1) and ωCη0,n = O(−2).
The case g ≥ 1 is essentially due to Schro¨er [Sch03], although he assumes the stronger
hypothesis that g ≥ 3 (probably in order to avoid the forbidden case (g, n) = (2, 0)). Let us
briefly review the essential ingredients in his proof in order to convince the reader that the proof
of loc. cit. works under the weaker hypothesis that g + n ≥ 3. Consider the free abelian group
P := ZO(p1)⊕ . . .⊕ ZO(pn)⊕ ZωCηg,n and the tautological morphism
(5.3.2) φ : P := ZO(p1)⊕ . . .⊕ ZO(pn)⊕ ZωCηg,n → Pic(Cηg,n).
Now the proof is divided in three steps.
Step I: The kernel of φ is equal to
ker(φ) =
{
ZωCηg,n if g = 1,
{0} if g ≥ 2.
This follows from the existence of a stable n-marked genus-g curve (X,x1, . . . , xn) over a
field F ⊃ k whose normalization ν : X˜ → X is an elliptic curve with the property that the line
bundles {ν∗ωX , ν∗O(x1), . . . , ν∗O(xn)} if g ≥ 2 (resp. the line bundles {ν∗O(x1), . . . , ν∗O(xn)}
if g = 1) are linearly independent in Pic(X˜); see the construction in [Sch03, p. 379].
Step II: The cokernel of φ is torsion-free.
This is proved in [Sch03, Prop. 4.1] using a degeneration argument curve towards the curve X
mentioned in Step I together with the fact that PicoCηg,n (ηg,n) is torsion-free. This last property
is proved in [Sch03, Prop. 3.1] by a degeneration argument towards a stable n-marked genus-g
curve (Y, y1, . . . , yn) of compact type over k(T ) with the property that Pic
o
Y is an ordinary
abelian variety such that PicoY (k(T )) = 0. The curve (Y, y1, . . . , yn) is constructed in [Sch03,
p. 377] by gluing nodally to P1k(T ), with n-marked points, g copies of an ordinary elliptic curve
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E over k(T ) such that PicoE(k(T )) = 0 (whose existence is showed in [Sch03, Prop. 3.2] using
special Halphen pencils). Note that the curve (Y, p1, . . . , pn) is stable if and only if g + n ≥ 3
(the stronger condition g ≥ 3 mentioned in [Sch03, p. 377] is not needed!).
Step III: The cokernel of φ is torsion.
Indeed, take a line bundle L ∈ Pic(Cηg,n). Because of the isomorphism (5.3.1), we can
find a line bundle L on Ckg,n such that L|Cηg,n = L. Using that Pic(M
k
g,n)Q is generated by the
tautological line bundles (in arbitrary characteristic) as proved in [AC98] and [Mor01], it follows
that there exists an integer m such that
mL = aλ+
n∑
i=1
biψi +
n∑
i=1
ciO(σi) + dωpi.
By restricting to the generic curve Cηg,n , we get
mL =
n∑
i=1
(bi + ci)O(pi) + dωCηg,n ,
which shows that mL ∈ Im(φ) and it concludes the proof of Step III.
Case II: (g, n) = (1, 1) and (2, 0)
In this case, the stackMkg,n is a DM stack with a non-trivial generic residue gerbe (hence it is
not generically a scheme). However, a small modification of the argument in Case I still works.
First of all, we can replace the stack with a scheme. More precisely, there exists a cartesian
diagram of stacks
C Ckg,n Ckg,n
M Mkg,n Mkg,n
f
ap pi pi
such that:
(i) π : Ckg,n →Mkg,n is the universal curve,
(ii) M is quasi-projective smooth k-variety;
(iii) there is an isomorphism RPic(Ckg,n)
∼=−→ Pic(Cη), where the isomorphism is induced by the
restriction to the generic fibre Cη of the family ap;
(iv) the morphism Homk(Spec(K),M ) ։ Homk(Spec(K),Mkg,n) of sets is surjective, for any
field K ⊇ k.
The first two points follows by [EG98], since Mkg,n is a quotient stack (the variety M is called
in loc. cit. an equivariant approximation ofMkg,n). The third one by [FP19, Def.-Prop. 2.2(3)],
because K is an extension of the algebraically closed base field k, hence infinite. The strategy
of [Sch03], i.e. Case I, still applies if we replace the universal curve π : Ckg,n → Mkg,n with the
family ap : C → M . The property (iii) guarantees that all the curves in loc. cit. can be lifted
on the family ap. The other changes needed are the choice of the stable curves in Step I and
II. More precisely: we define the tautological morphism
(5.3.3) φ : P := ZO(p1)⊕ . . .⊕ ZO(pn)⊕ ZωCη → Pic(Cη)
as in (5.3.2), and we need to prove that it is an isomorphism.
Step I: The kernel of φ is equal to
ker(φ) =
{
ZωCη if (g, n) = (1, 1),
{0} if (g, n) = (2, 0).
If (g, n) = (1, 1), the argument of Step I in the previous case still applies if we use the curve
(X,x1, . . . , xn) := (E, p), where E is the elliptic curve of [Sch03, Prop. 3.2] with the unique
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rational point p. If (g, n) = (2, 0), we need to use the curve (X,x1, . . . , xn) := (E∪pE), obtained
by attaching two copies of E nodally along the point p.
Step II: The cokernel of φ is torsion-free.
If η ∈M is the generic point, the group Pico
C
(η) is torsion-free. Indeed, the proof of [Sch03,
Prop. 3.1] still works if we use the smooth marked curve (E, p), when (g, n) = (1, 1), and the
stable curve E ∪p E, when (g, n) = (2, 0). Then, the cokernel of φ is torsion-free by repeating
the degeneration argument of [Sch03, Prop. 4.1] applied at the same curves as above.
Step III: The cokernel of φ is torsion.
It goes through with no changes.

Remark 5.7. Let us point out that the Weak Franchetta conjecture holds true also for the pairs
(g, n) such that 2g − 2 + n ≤ 0 (and this case was needed in [FV]). Indeed:
• If (g, n) = (1, 0) then it follows from [FO10, Thm. 1.1] that the Picard group ofMk1,1 =
Ck1,0 is a cyclic group of order 12 generated by the Hodge line bundle λ := π∗(ωpi). Since
the Hodge line bundle λ on Mk1,1 is the pull-back of the Hodge line bundle on Mk1,0, we
conclude that RPic(Ck1,0) = 0.
• If g = 0 and n = 0, 1, 2 then the universal family π : Ckg,n →Mkg,n admits the following
presentation
[P1/G]→ BG with G =

PGL2 if g = 0 and n = 0,
B ∼= Ga⋊Gm if g = 0 and n = 1,
T ∼= Gm if g = 0 and n = 2.
where B is the Borel subgroup of PGL2 consisting of upper triangular matrices, T is
the maximal torus of PGL2 consisting of triangular matrices and the action of PGL2 on
P1 is the natural one.
From the above explicit presentation of the universal family, it follows that Pic(Mk0,n)
is isomorphic to the group Λ∗(G) := Hom(G,Gm) of characters of G while Pic(Ck0,n) is
isomorphic to the group PicG(P1) of G-linearized line bundles on P1. Moreover, there
is a natural exact sequence
0→ Λ∗(G) α−→ PicG(P1) β−→ Pic(P1),
where the map α can be identified with the pull-back map π∗ : Pic(Mk0,n) → Pic(Ck0,n)
and the image of β consists of all the line bundles of P1 that admit a G-linearization. We
conclude by using the well-known fact that ωP1 = O(−2) admits a PGL2-linearization
while O(1) admits a B-linearization (and hence also a T -linearization) but not a PGL2-
linearization.
Using the Weak Franchetta Conjecture, we can now give a proof of Theorem 5.2(3).
Proof of Theorem 5.2(3). For any hyperbolic pair (g,m), the stackMkg,m+1 is an open substack
of Ckg,m whose complement is equal to
Ckg.m \
m⋃
i=1
Im(σi),
where σi are the sections of the universal family π : Ckg.m → Mkg.m. Since the stack Ckg,m is
smooth, we have an exact sequence (see [PTT15, Prop. 1.9])
0→ Σg,m := 〈O(σ1), . . . ,O(σm)〉 → Pic(Ckg,m)→ Pic(Mkg,m+1)→ 0.
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Consider now the morphism Fm : Mkg,m+1 → Mkg,m that forgets the last marked point. By
applying the snake lemma to the commutative diagram with exact rows
0 0 Pic(Mkg,m) Pic(Mkg,m) 0
0 Σg,m Pic(Ckg,m) Pic(Mkg,m+1) 0
F ∗m
we obtain the following exact sequence
0→ ker(F ∗m)→ Σg,m → RPic(Ckg,m)→ coker(F ∗m)→ 0.
Theorem 5.6 implies (using the hypothesis that g ≥ 1) that the line bundles {O(σ1), . . . ,O(σm)}
are linearly independent in RPic(Ckg,m); hence the map Σg,m → RPic(Ckg,m) is injective, and we
get
(5.3.4) ker(F ∗m) = {0}.
Moreover, again from Theorem 5.6 with g ≥ 1, we get that the cokernel of the map Σg,m →
RPic(Ckg,m) is zero if g = 1 and it is free of rank one generated by the restriction of the relative
dualizing sheaf ωCkg,m/Mkg,m if g ≥ 2. Using that the restriction of ωCkg,m/Mkg,m toMkg,m+1 is equal
to ψm+1 (see [Knu83b, Thm. 4.1(d)]), we obtain that
(5.3.5) coker(F ∗m) =
{
{0} if g = 1,
Z〈ψm+1〉 if g ≥ 2.
Using that F = Fn−1 ◦ . . . ◦F0 :Mkg,n →Mkg if g ≥ 2 (resp. F = Fn−1 ◦ . . . ◦F1 :Mk1,n →Mk1,1
if g ≥ 1) and putting together (5.3.4) and (5.3.5), we get that the pull-back F ∗ on the Picard
groups is injective and that
(5.3.6)

Pic(Mkg,n)
F ∗ Pic(Mkg)
= Z〈ψ1〉 ⊕ . . .⊕ Z〈ψn〉 if g ≥ 2,
Pic(Mk1,n)
F ∗ Pic(Mk1,1)
= {0} if g = 1.
Comparing (5.3.6) with Theorem 5.2(2), we get that
(5.3.7)

Pictaut(Mkg,n)
F ∗ Pictaut(Mkg)
∼=−→ Pic(M
k
g,n)
F ∗ Pic(Mkg)
if g ≥ 2,
Pictaut(Mk1,n)
F ∗ Pictaut(Mk1,1)
=
Pic(Mk1,n)
F ∗ Pic(Mk1,1)
= {0} if g = 1.
By the snake lemma, the above isomorphisms imply that (5.0.3) holds true, and we are done.

5.4. Torsion subgroup of Pic(Mkg,n). The aim of this subsection is to prove Theorem 5.2(4).
Recall that we are assuming that k = k is algebraically closed, throughout this section.
A crucial ingredient in the proof is that Mkg,n is algebraically simply connected, i.e. any
connected cover of Mkg,n (i.e. finite and e´tale representable morphism f : X → Mkg,n with X
connected) is trivial (i.e. f : X →Mkg,n is an isomorphism)3.
Theorem 5.8. The stack Mkg,n is algebraically simply connected.
Proof. We will divide the proof in three cases, according to the field k.
3this is equivalent to the fact that the e´tale fundamental group piet1 (M
k
g,n, x) (with respect to some geometric
point x) vanishes; see [Noo04] for the definition and main properties of the e´tale fundamental group of an algebraic
stack.
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(a) If k = C then, by the Riemann existence theorem for stacks (see [Noo, Thm. 20.4]), the
functor {
Covers of MCg,n
}
−→ {Finite (topological) covers of Mang,n}
X →MCg,n 7→ X an →Mang,n
is an equivalence of categories. Hence the result follows from the fact that Mang,n is (topo-
logically) simply connected by Proposition 2.2.
(b) If k(= k) has characteristic zero, then the result follows from the previous case k = C
together with the fact that, for any extensions k ⊆ k′ of algebraically closed fields, the
functor {
Covers of Mkg,n
}
−→
{
Covers of Mk′g,n
}
X →Mkg,n 7→ Xk′ := X ×k k′ →Mk
′
g,n
is an equivalence of categories, a fact that can be proved as in [Sta18, Tag 0A49].
(c) If k(= k) has characteristic p > 0, then consider the morphismMW (k)g,n → SpecW (k), where
W (k) is the ring of Witt vectors over k. The conclusion will follow from the following two
statements.
• Any (resp. connected) cover of Mkg,n lifts to a (resp. connected) cover of MW (k)g,n .
The proof of this statement is similar to the one contained in [Sta18, Tag 0A48] and it
proceeds like this. Let f1 : X1 → Mkg,n be a cover. For any n ≥ 1, consider the local
Artin ring Wn(k) = W (k)/m
n where m is the maximal ideal of W (k). We get a chain
of closed embeddings
MW1(k)=kg,n →֒ MW2(k)g,n →֒ MW3(k)g,n →֒ . . . ...
where each closed embedding is defined by a square-zero ideal sheaf. By [Sta18,
Tag 039R] (which can be used since f1 is representable), we can lift f1 to a tower
of covers
fn : Xn →MWn(k)g,n
for any n ≥ 1, such that the restriction of fn over SpecWn−1(k) coincides with fn−1.
Since W (k) = lim←−Wn(k), by the Grothendieck’s existence existence theorem for al-
gebraic stacks (see [Ols05, Thm. 1.4]), there exists a finite representable morphism
f : X → MW (k)g,n whose restriction over MWn(k)g,n coincides with fn for any n ≥ 1. Ar-
guing as in [Sta18, Tag 0A43], it follows that f is formally smooth, and hence e´tale.
Therefore f : X → MW (k)g,n is a cover that lifts the initial cover f1 : X1 → Mkg,n.
Clearly, if f1 is connected then also f must be connected.
• Any connected cover of MW (k)g,n is trivial.
Let f : X → MW (k)g,n be a connected cover. Consider the Stein factorization (see
[Ols07, Thm. 11.3]) of the proper and surjective morphism F : X f−→ MW (k)g,n → S :=
SpecW (k):
F : X g−→ Spec
S
(F∗OX ) h−→ S = SpecW (k).
By [Ols07, Thm. 11.3], the morphism g is a surjective and proper morphism with
geometrically connected fibers.
On the other hand, the morphism h is a representable (surjective) finite morphism since
F∗OX is a coherent sheaf on S by loc. cit. Since the morphism F is smooth (hence flat
with geometrically reduced fibers), arguing as in [Sta18, Tag 0BUN] we deduce that
the morphism h is also e´tale. Furthermore, Spec
S
(F∗OX ) is connected being the image
via the surjective morphism g of the connected stack X . In other words, the morphism
h is a connected cover of S = SpecW (k). Since W (k) is a strictly Henselian local ring
(being a complete local ring with algebraically closed residue field), we deduce that h
18
must be an isomorphism (see e.g. [Sta18, Tag 04GK]). We conclude that F = g, which
implies that F : X → SpecW (k) has geometrically connected fibers.
Now, restricting f to the geometric generic fiber η = SpecF (W (k)), we obtain a
cover fη : Xη → MF (W (k))g,n which is furthermore connected since F has geometrically
connected fibers. Since charF (W (k)) = 0, by what proved above fη must be an iso-
morphism. This implies that f has relative degree 1, hence it must be an isomorphism.

Remark 5.9. Observe that part (c) of the above proof would follow from the existence and the
surjectivity of a specialization map among the e´tale fundamental groups (as defined in [Noo04])
of the geometric fibers of a proper flat morphisms of stacks f : X → S with geometrically
connected and reduced fibers, extending the well-know case of morphisms of schemes (see e.g.
[Sta18, Tag 0C0P]). However, we are not aware of such an extension to morphisms of stacks,
not even for DM stacks.
Using the above Theorem 5.8, we can now study the k-group scheme Picτ
M
k
g,n/k
and the
torsion subgroup Pic(Mkg,n)tor ⊂ Pic(Mkg,n).
Proposition 5.10.
(i) The Picard group Pic(Mkg,n) coincides with NS(Mkg,n) and it is finitely generated.
(ii) If char(k) = 0 then Picτ
M
k
g,n/k
is the trivial k-group scheme and Pic(Mkg,n) is a torsion-free
group.
(iii) If char(k) = p > 0 then Picτ
M
k
g,n/k
is a finite k-group scheme and we have that
Pic(Mkg,n)tor = PicτMkg,n/k(k)
is a finite p-group.
Proof. Let us first show the following
Claim: If L is an s-torsion line bundle on Mkg,n such that char(k) 6 |s then L is trivial.
Indeed, denote by 1 ≤ r|s the order of L in Pic(Mkg,n). The line bundle L gives rise to a
µr-cyclic connected finite and flat representable morphism
Mkg,n[ r
√
L] := SpecO
M
k
g,n
(
L0 ⊕ . . .⊕ Lr−1)→Mkg,n.
Since µr is e´tale over k by our assumption that char(k) does not divide r, the morphism
Mkg,n[ r
√
L] → Mkg,n is also e´tale, hence it is a connected cover of Mkg,n. Since Mkg,n is alge-
braically simply connected by Theorem 5.8, the connected cover Mkg,n[ r
√
L] → Mkg,n must be
trivial, which forces r = 1.
Consider the connected component Pico
M
k
g,n/k
containing the origin of the finite type k-group
scheme Picτ
M
k
g,n/k
. Proposition 3.4 implies (using that Mkg,n is k-smooth) that PicoMkg,n/k
is a (connected) projective k-group scheme, and hence that the reduced underlying scheme
(Pico
M
k
g,n/k
)red is an abelian variety over k. By the above Claim, (Pic
o
M
k
g,n/k
)red(k) does not
contain non-trivial torsion elements of order coprime with char(k), and hence it must be trivial.
This implies that
Pico(Mkg,n) = PicoMkg,n/k(k) = 0,
from which it follows that
NS(Mkg,n) = Pic(Mkg,n).
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Proposition 3.5 implies therefore that Pic(Mkg,n) is finitely generated (which concludes the proof
of (i)) and that its (finite) torsion subgroup is equal to
Pic(Mkg,n)tor = Picτ (Mkg,n) = PicτMkg,n/k(k).
Moreover, the above Claim implies that Pic(Mg,n)tor is trivial if char(k) = 0 and it is a p-group
if char(k) = p > 0.
We now conclude the proofs of (ii) and (iii) observing that
• Picτ
M
k
g,n/k
is a finite k-group scheme, being of finite type over k with a finite connected
component Pico
M
k
g,n/k
containing the identity element;
• Picτ
M
k
g,n/k
is k-e´tale if char(k) = 0, being of k-finite and k-smooth by Proposition 3.2(ii).

We can now give a proof of Theorem 5.2(4).
Proof of Theorem 5.2(4). From Proposition 5.10, it follows that Pic(Mkg,n)tor is trivial if char(k) =
0 and it is a finite p-group if char(k) = p > 0.
Using parts (1), (2) and (3) of Theorem 5.2, we get that Pictaut(Mkg,n) = Pic(Mkg,n) (which
implies that Pic(Mkg,n)tor = 0 since Pictaut(Mkg,n) is torsion-free by part (1)) in each of the
following cases:
• when g = 0 (and n ≥ 3) by [Kee92];
• when g = 1 (and n ≥ 1) since Pictaut(Mk1,1) = Pic(Mk1,1) by [FO10];
• when g = 2 since Pictaut(Mk2) = Pic(Mk2) by [Vis98] if char(k) 6= 24 and [Ber06] if
char(k) = 2;
• when g = 3, 4, 5 since, for these values of g, we have that Pictaut(Mkg) = Pic(Mkg) by
[DL].
It remains to prove the decomposition (5.0.4) (for which we can assume that g ≥ 6 for
otherwise it holds trivially for what said above) and the isomorphism (5.0.5). We will divide
the proof in three steps.
Step I: (5.0.4) holds true for n = 0.
As observed above, we can (and will) assume that g ≥ 3. We first claim that the composition
(5.4.1) Pictaut(Mkg) →֒ Pic(Mkg)։ Pic(Mkg)tf
is an isomorphism.
Indeed, since Pictaut(Mkg) is torsion-free by part (1), the homomorphism (5.4.1) is injective.
Furthermore, using that Pictaut(Mkg)Q = Pic(Mkg)Q by [AC98, Thm. 2.2] in characteristic zero
and [Mor01] in positive characteristic, we deduce that the injective homomorphism (5.4.1) has
finite index. Hence, in order to prove that (5.4.1) is an isomorphism, it is enough to construct
dimQ(Pic(Mkg)Q) (integral k-proper) curves in Mkg such that the intersection matrix of a basis
of Pictaut(Mkg) with these test curves is invertible. This is proved in [AC87, §2], under the
assumption that g ≥ 3.
Now we can finish the proof of Step I. Indeed, the isomorphism in (5.4.1) provides a canonical
splitting of the exact sequence
0→ Pic(Mkg)tor → Pic(Mkg)→ Pic(Mkg)tf → 0,
by identifying the torsion-free quotient Pic(Mkg)tf with the tautological subgroup Pictaut(Mkg).
Hence we get the decomposition (5.0.4) for n = 0.
4The hypothesis that char(k) is also different from 3 in loc. cit. is only need in the computation of the higher
Chow groups of M2.
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Step II: If g ≥ 2 then the pull-back via the forgetful morphism F induces an isomorphism
(5.4.2) [F
∗
] :
Pic(Mkg)
Pictaut(Mkg)
∼=−→ Pic(M
k
g,n)
Pictaut(Mkg,n)
.
Indeed, consider the commutative diagram
Mkg,n Mkg,n
Mkg Mkg
F F
We get an induced commutative diagram of homomorphisms
(5.4.3)
Pic(Mkg,n)
Pictaut(Mkg,n)
Pic(M
k
g,n)
Pictaut(M
k
g,n)
Pic(Mkg )
Pictaut(Mkg )
Pic(M
k
g)
Pictaut(M
k
g)
[resg,n]
[F ∗] [F
∗
]
[resg]
where we have used that the pull-back homomorphism F
∗
: Pic(Mkg) → Pic(Mkg,n) sends
tautological line bundles into tautological line bundles (see e.g. [AC87, §3]). By parts (2) and
(3) of Theorem 5.2, we know that the homomorphisms [F ∗], [resg,n] and [resg] appearing in
(5.4.3) are isomorphisms. By the commutativity of the diagram (5.4.3), we conclude that [F
∗
]
is an isomorphism, and we are done.
Step III: (5.0.4) holds true for any n > 0 and (5.0.5) holds true.
As observed above, we can (and will) restrict to g ≥ 2 also in the proof of (5.0.4). Since
Pictaut(Mkg,n) is torsion-free by part (1), the natural homomorphism
(5.4.4) αg,n : Pic(Mkg,n)tor →֒ Pic(Mkg,n)։
Pic(Mkg,n)
Pictaut(Mkg,n)
is injective. Note that the decomposition (5.0.4) holds true if and only if αg,n is also surjective
(hence an isomorphism). Step I implies that αg := αg,0 is an isomorphism.
Consider now the following commutative diagram
Pic(Mg)tor Pic(Mkg,n)tor
Pic(M
k
g)
Pictaut(M
k
g)
Pic(M
k
g,n)
Pictaut(M
k
g,n)
F
∗
αg αg,n
[F
∗
]
where we have used that F
∗
sends torsion line bundles into torsion line bundles. Since αg is
an isomorphism by Step I, [F
∗
] is an isomorphism by Step II and αg,n is injective, we conclude
from the above diagram that αg,n is an isomorphism (so that (5.0.4) holds true) and that (5.0.5)
holds true.

6. Conclusion
The aim of this section is to prove the Main Theorem and the Main Corollary of the intro-
duction.
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Let us first collect in the following proposition all the properties of the two commutative
group algebraic spaces ΠτS : Pic
τ
M
S
g,n/S
→ S and ΠS : PicMSg,n/S → S.
Proposition 6.1. Let S be a scheme.
(1) ΠS : PicMSg,n/S
→ S is a commutative group scheme, locally quasi-finite over S and it
satisfies the valuative criterion of properness (hence it is separated).
(2) ΠτS : Pic
τ
M
S
g,n/S
→ S is an open and closed sub-group scheme of Pic
M
S
g,n/S
, which is
finite over S.
Note however that ΠS : PicMSg,n/S
→ S is not universally closed (hence not proper) since it
is not quasi-compact.
Proof. Since MSg,n → S is proper and smooth with geometrically connected fibers, it follows
from Theorem 3.6 that ΠS : PicMSg,n/S
→ S is a commutative group algebraic space, locally
of finite type and equidimensional over S, which satisfies the valuative criterion for properness
(hence it is separated). Moreover, Proposition 5.10 gives that the relative dimension of ΠS is
zero, which implies that ΠS : PicMSg,n/S
→ S is locally quasi-finite. We deduce that Pic
M
S
g,n/S
is a scheme by [Sta18, Tag 03XX].
Again from Theorem 3.6, it follows that Picτ
M
S
g,n/S
is an open and closed sub-group algebraic
space of Pic
M
S
g,n/S
, which is proper over S. From the properties of Pic
M
S
g,n/S
already shown,
we deduce that Picτ
M
S
g,n/S
is a scheme locally quasi-finite over S, which then implies that ΠτS
is a finite morphism (being proper). 
The main ingredient in the proof of the Main Theorem is the following flatness result, which
follows from the main result of the Appendix.
Theorem 6.2. Let k be an algebraically closed field of characteristic p > 0 and let W (k) be the
ring of Witt vectors on k. Consider the the commutative group scheme
ΠτW (k) : Pic
τ
M
W (k)
g,n /W (k)
→ SpecW (k).
Then we have that
(i) ΠτW (k) is flat along the zero section;
(ii) ΠτW (k) is flat if p > 2.
Proof. It follows from Theorem 7.1, using that the absolute ramification index of W (k) is 1
and that the ΠτW (k) is equidimensional by Theorem 3.6(iii) and the fact that fW (k) :M
W (k)
g,n →
SpecW (k) is smooth. 
As an application of the above Theorem, we can prove the following
Proposition 6.3. Let k be any field. Then we have that
(i) Picτ
M
k
g,n/k
is e´tale over k.
(ii) If char(k) 6= 2 then Picτ
M
k
g,n/k
is the trivial k-group scheme.
Proof. Since the formation of Picτ
M
k
g,n/k
commutes with field extensions, we can assume that k
is algebraically closed. We will distinguish two cases according to the characteristic of k.
I Case: char(k) = 0.
In this case, Picτ
M
k
g,n/k
is the trivial k-group scheme by Proposition 5.10(iii).
II Case: char(k) = p > 0.
Consider the commutative group scheme
ΠτW (k) : Pic
τ
M
W (k)
g,n /W (k)
→ SpecW (k),
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where W (k) is the ring of Witt vectors on k = k.
The generic fiber of ΠτW (k) is equal to
ΠτF (W (k)) : Pic
τ
M
F (W (k))
g,n /F (W (k))
→ SpecF (W (k)),
where F (W (k)) is the fraction field of W (k). Since charF (W (k)) = 0, it follows from the
previous case that Picτ
M
F (W (k))
g,n /F (W (k))
is the trivial group scheme, or in other words that
Picτ
M
W (k)
g,n /W (k)
is generically trivial over SpecW (k). This implies that the flat closure of
Picτ
M
F (W (k))
g,n /F (W (k))
inside Picτ
M
W (k)
g,n /W (k)
is the zero section of ΠτF (W (k)).
Theorem 6.2 now implies that ΠτW (k) : Pic
τ
M
W (k)
g,n /W (k)
→ SpecW (k) is unramified (see also
the discussion after [Ray79, Thm. 1’]) and it is the trivial group scheme if p > 2. By passing
to the special fiber of ΠτW (k), we get the conclusion.

Corollary 6.4. Let k be any field.
(i) Pico
M
k
g,n/k
is is the trivial k-group scheme.
(ii) H1(Mkg,n,OMkg,n) = 0.
Proof. Since Picτ
M
k
g,n/k
is e´tale over k by Proposition 6.3, we have that the connected component
of Picτ
M
k
g,n/k
which contains the identity element, i.e. Pico
M
k
g,n/k
, must be the trivial k-group
scheme. Using that H1(Mkg,n,OMkg,n) = TePicMkg,n/k by Proposition 3.2(i), we conclude that
H1(Mkg,n,OMkg,n) = 0. 
Remark 6.5. The vanishing of H1(MCg,n,OMCg,n) (which then implies the result over any field
of characteristic zero) follows from the vanishing of H1(MCg,n,C) shown by Arbarello-Cornalba
[AC98, Thm. 2.1] together with the Hodge decomposition
H1(MCg,n,C) = H1(MCg,n,OMCg,n)⊕H
0(MCg,n,Ω1MCg,n).
An alternative proof of the vanishing of H1(MCg,n,OMCg,n) was given by Okawa-Sano [OS, Thm.
3.2] using the Hodge symmetry
dimH1(MCg,n,OMCg,n) = dimH
0(MCg,n,Ω1MCg,n).
Both proofs ultimately relies on the Harer’s vanishing theorem [Har86].
We can now give a proof of the Main Theorem and the Main Corollary of the introduction.
Proof of Main Theorem. Part (1): observe that, since Λg,n
S
is flat over S, the morphism ΦSg,n
is an isomorphism if and only if Φk(s) is an isomorphism for every s ∈ S (see [Gro67, (17.9.5)]).
Since Λg,n
k(s)
is e´tale over k(s) and Λg,n is a torsion-free group, the morphism Φ
k(s) is an
isomorphism if and only if
(6.0.1) Picτ
M
k(s)
g,n /k(s)
is the trivial k(s)-group scheme,
and
(6.0.2) Λg,n
Φ
k(s)
(k(s))
−−−−−−−→ Pic(Mk(s)g,n )։ NSν(Mk(s)g,n ) is an isomorphism.
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Now, if char(k(s)) 6= 2 then condition (6.0.1) holds by Proposition 6.3(ii). On the other hand,
if g ≤ 5 then condition (6.0.1) holds by Proposition 6.3(i) together with
Picτ
M
k
g,n/k
(k) = NS(Mkg,n)tor = Pic(Mkg,n)tor = {0},
which follows by Proposition 5.10(i) and Theorem 5.2(4). Finally, condition (6.0.2) holds by
Theorem 5.2.
Let us now prove part (2). Since S is connected, we have that Λg,n(S) = Λg,n. By the
definition of the morphisms P g,n(S) and Φ
S
g,n, we have the following commutative diagram
0 Pic(S) Pic(MSg,n) PicMSg,n/S(S)
Λg,n Λg,n(S)
f∗S
P g.n(S) ΦSg.n(S)
where the first row is exact (see [BLR90, Chap. 8, Prop. 4]). We now conclude using that
ΦSg,n(S) is an isomorphism by part (1). 
Remark 6.6. Without the assumption of the Main Theorem (namely that S is a Z[1/2]-scheme
or that g ≤ 5), the proof of the Main Theorem gives that the tautological S-morphism ΦSg,n
is an open and closed embedding. Moreover, ΠS : PicMSg,n/S
→ S is unramified (by Corollary
6.4) and we have an isomorphism of S-groups schemes
Picτ
M
S
g,n/S
×Λg,n
S
∼=−→ Pic
M
S
g,n/S
.
However, we do not know how to prove in this case that the unramified group scheme ΠτS :
Picτ
M
S
g,n/S
→ S is trivial.
Proof of Main Corollary. This follows from Theorem 5.2 using that Pic(Mkg,n)tor = 0 if char(k) 6=
2 by the Main Theorem. 
7. Appendix: p-torsion of the Picard group space for algebraic stacks
The goal of this Appendix is to show the following result, which is a generalization to algebraic
stacks of a result of Raynaud [Ray79, Thm. 4.1.2].
Theorem 7.1. Let (R,m) be a complete DVR, with field of fractions K of characteristic 0 and
algebraically closed residue field k := R/m of characteristic p > 0 and let e ≥ 1 be the absolute
ramification index (i.e. pR = me). Let X be an algebraic stack and π : X → Spec(R) be a
proper and cohomologically flat in degree zero morphism. Consider the Picard group space5
ΠτX/R : Pic
τ
X/R → Spec(R).
If ΠτX/R is equidimensional
6, then we have that
(i) if e < p− 1, the morphism ΠτX/R is flat,
(ii) if e ≤ p− 1, the morphism ΠτX/R is flat along the zero section.
Our proof will be a copy of the proof of [Ray79, Theorem 4.1.2]. Most of the work is already
done in loc.cit., we just need to generalize few results.
5The assumptions on pi guarantee that the functor PicτX/R is representable by an algebraic space of finite type
over Spec(R) and its formation commutes with base change, see Theorem 3.6(i).
6which is always true if the special fiber of pi (and hence also the geometric generic fiber) is normal, see
Theorem 3.6(iii)
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7.1. Cartier Theory. In this subsection, we recall some results on the Cartier theory of formal
groups, following [Ray79, §2] and [Zin84] (see also the english translation [Zin]).
Let R be a commutative unitary Z(p)-algebra and denote by Nil(R) the category of nilpotent
R-algebras, i.e. R-algebras whose elements are nilpotent. We denote by Ab the (abelian)
category of abelian groups.
Definition 7.2. A (abelian) formal group functor over R is a functor G : Nil(R) → Ab. We
denote by G (= GR) the category of formal group functors over R.
A (abelian) formal group G over R is an exact formal group functor over R, which commutes
with arbitrary direct sums. We denote by Go (= GoR) the category of formal groups over R.
Remark 7.3. We remark that a formal group is always formally smooth, because it is right
exact.
Any R-module M can be seen as a nilpotent R-algebra MNil :=M , by setting M
2
Nil = 0. In
particular, the ring R, as free R-module, gives a nilpotent R-algebra RNil. For any formal group
G, the abelian group G(RNil) carries a canonical R-module structure. We denote by Lie(G)
such R-module (for more details see [Zin84, §4]). If R = K is a field, we define the dimension
of G as dimK G := rankK Lie(G).
Remark 7.4. Given a group scheme H over R, we may define a formal group functor
Ĥ : Nil(R) → Ab
A 7→ ker{H(R ⊕A)→ H(R)}
where R⊕A is the unitary commutative R-algebra, whose multiplication is defined by
(7.1.1) (r1, a1) · (r2, a2) := (r1r2, r1a2 + r2a1 + a1a2).
Following the above remark, we would like to have a definition of smoothness for formal group
compatible with the smoothness for group scheme.
Definition 7.5. A formal group G over R is smooth if Lie(G) is a coherent R-module.
The Cartier theory describes the formal groups over R in term of modules over a certain ring
that we now introduce. We denote by:
• W (R) the ring of Witt vectors with coefficients in R.
• W (= WR) : Nil(R) → Ab the Witt formal group functor, which sends a nilpotent
R-algebra A to W (A).
• Ŵ (= ŴR) the Witt formal group: it is the sub-functor of the Witt pseudo-ring such
that
Ŵ (A) := {(a0, . . . , an, . . .) ∈W (A) | ai = 0 almost everywhere}.
It is a formal group over R.
• E(= ER) the endomorphisms ring of the formal group Ŵ , which acts on the right on
Ŵ .
The ring E contains elements V , F and {[a] | a ∈ R} satisfying certain relations (see [Ray79,
Prop. 2.1.1(ii)]). Furthermore, they generate the entire ring. More precisely, any element in
the ring E has a unique expression (see [Ray79, Prop. 2.1.1(i)])∑
m,n≥0
V m[am,n]F
n
such that for every m it holds that am,n = 0 for almost any n. Given an E-module M , the
quotient M/VM has a canonical structure as R-module, given by a.(m+ VM) := [a]m+ VM
for any a ∈ R and m ∈M . We denote such R-module by Lie(M).
Definition 7.6. Let M be an E-module.
(a) M is without V -torsion if V :M →M is injective.
(b) M is V -flat if M is without V -torsion and Lie(M) is a flat R-module.
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(c) M is V -coherent if M is without V -torsion and Lie(M) is a coherent R-module.
Given a formal group functor G, the group of homomorphisms of formal group functors
HomG
(
Ŵ ,G
)
has a natural structure of left E-module induced by the action of E on Ŵ . On the other hand,
given an E-module M , we may define a formal group functor
Ŵ ⊗EM : Nil(R) → Ab
A 7→ Ŵ (A)⊗EM
LetM(=MR) be the abelian category of left E-modules. By what discussed above, there exist
two functors
(7.1.2)
G α−→ M
G 7→ HomG
(
Ŵ ,G
) , M β−→ G
M 7→ Ŵ ⊗EM
We present the main theorem of Cartier theory. First of all, we fix some notations.
Definition 7.7. Let Mo be the subcategory of M of E-modules M such that
(a) M is V -flat,
(b) M is complete with respect to the V -adic filtration, i.e. M = lim←M/V
nM.
Let Msm be the subcategory of Mo whose elements are V -coherent.
Theorem 7.8 (Cartier). The functor α induces equivalence of categories
α : Go ∼=−→Mo and α : Gsm ∼=−→Msm,
whose inverses are given by β. Furthermore, the functors α and β are compatible with the
formation of Lie(−), i.e.
Lie(β(M)) := Lie(Ŵ ⊗EM) = Lie(M) for any M ∈ Mo
Lie(α(G)) := Lie
(
HomG
(
Ŵ ,G
))
= Lie(G) for any G ∈ Go
as R-modules.
Proof. The conditions of being without V -torsion and complete correspond to the definition of
V -reduced E-module, see [Zin84, Definition 4.20]. Then the theorem is equivalent to [Zin84,
Theorem 4.23]. 
7.2. Proof of Main Theorem. Unless otherwise stated, in this subsection R will be a com-
mutative unitary Z(p) algebra. Let X be a quasi-compact algebraic stack over R and denote
by Nil(X ) be the category of nilpotent OX -algebras. As for the affine schemes, we make the
following
Definition 7.9. An (abelian) formal group G over X is an exact functor
G : Nil(X )→ Ab,
which commutes with arbitrary direct sums.
Note that for any morphism f : U = Spec(R˜)→ X , the pull-back
G|U : Nil(R˜) ∼= Nil(Spec(R˜))→ Nil(X )→ Ab
is a formal group over R˜ in the sense of Definition 7.2. In particular, the assignment (U →
X ) 7→ Lie(G|U ) defines a sheaf of OX -modules, which will be denoted by Lie(G).
Definition 7.10. A formal group G over X is smooth if Lie(G) is a coherent OX -module.
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Note that if X = Spec(R˜) is an affine scheme, the above definitions agree with the definitions
of (smooth) formal group over R˜ given in the previous subsection.
For any A ∈ Nil(X ), we define a sheaf G[A] of abelian groups over X (with respect to the
lisse-e´tale topology) as it follows:
(U → X ) 7−→ (G|U )(A|U ).
We want to study its cohomology groups H i(X , G[A]), with respect to the lisse-e´tale topology.
We will show that they can be computed using a suitable Cˇech complex by combining Raynaud
and an argument due to Brochard. Consider a (smooth) atlas p : U0 → X with U0 affine. The
fiber product U0 ×X U0 is an algebraic space. Fix an atlas W 1 → U0 ×X U0, with W 1 affine
scheme and set U1 := U0
⊔
W 1. We obtain a truncated hypercover
U1 //
//
U0oo // X
Arguing as in [Bro12, proof Lemma A.2.1], let U• be 1-coskeleton of the above truncated hyper-
cover. It is an hypercover for X in the sense of Verdier, see [Sta18, Tag 09VU]. Furthermore,
for any i ≥ 0 the term U i of the hypercover U• is affine. If U i = Spec(Ri), we denote by
Ŵ i(= ŴRi) the Witt formal group on Ri and by Ei(= ERi) its endomorphisms ring. Consider
the left Ei-module
(7.2.1) M iG := α (GRi) = Hom
(
Ŵ i, GRi
)
.
Let M•G be Cˇech complex of E-modules
(7.2.2) · · · →M iG →M i+1G → · · ·
associated to the hypercover U•. Furthermore, we denote by Ŵ (A)⊗EM•G, the Cˇech complex
of abelian groups
(7.2.3) · · · → Ŵ i(A|U i)⊗Ei M iG −→ Ŵ i+1(A|U i+1)⊗Ei+1 M i+1G → · · ·
associated to the hypercover U•. We now show, generalizing [Ray79, Thm. 2.7.2], that it
represents the cohomology of the abelian sheaf G[A].
Proposition 7.11. Let X be a algebraic stack of finite type over R and let G be a smooth
formal group on X . On the derived category of abelian groups D(Ab) there exists a canonical
isomorphism
H•(X , G[A]) ∼= Ŵ (A)⊗EM•G,
functorial in A ∈ Nil(X ).
Proof. By Cartier Theorem 7.8, there exists a canonical isomorphism of abelian groups
Ŵ i(A|U i)⊗Ei M iG ∼= (G|U i)(A|U i),
functorial in A. Furthermore, it gives an isomorphism of complexes (functorial in A)
(7.2.4) Ŵ (A)⊗EM•G ∼= C(U•, G[A]),
where C(U•, G[A]) is the Cˇech complex of the sheaf G[A] with respect to the hypercover U•.
Consider the spectral sequence:
(7.2.5) Hˇp(Hq(U•, G[A]))⇒ Hp+q(X , G[A]).
with respect to the Cˇech cohomology of the abelian sheaf G[A] and the hypercover U• (see
[Sta18, Tag 09VY]). We now claim that
(7.2.6) V affine ⇒ H i(V,G[A]) = 0 for i > 0.
This fact has been proved in [Ray79, Lemma 2.7.1] for cohomology with respect to the Zariski
topology. However, the proof in loc.cit. still works if we consider the lisse-e´tale cohomology and
so the claim holds.
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The vanishing (7.2.6) implies that the spectral sequence (7.2.5) degenerates and it gives a
canonical isomorphism (functorial in A)
(7.2.7) Hp(C(U•, G[A])) = Hˇp(H0(U•, G[A])) ∼= Hp(X , G[A]).
We conclude by combing (7.2.7) and (7.2.4). 
The main difficulty in generalising the Raynaud results is that an algebraic stack X can
have infinite cohomological dimension. This fact implies that, even when π : X → Spec(R) is
proper, the cohomology of a given coherent sheaf cannot be, in general, represented by a perfect
complex over Spec(R), i.e. a bounded complex of finite projective R-modules. However, if we
consider the truncated cohomology, there exists a weaker result, which will be enough for our
scope.
The following result is a weaker (i.e. truncated) version of [Ray79, Thm. 2.7.3], which
however works also for algebraic stacks.
Theorem 7.12. Let X be an algebraic stack and R be a complete DVR over Z(p)7. Suppose we
have:
• π : X → Spec(R) a flat and proper morphism,
• G a smooth formal group over X ,
• an integer n ≥ 1.
Then there exists a bounded complex P • of smooth formal R-groups such that:
(i) Lie(P •) is a perfect complex of R-modules.
(ii) when restricting to the category Nil(p-R) of nilpotent R-algebras killed by a power of p,
there is an isomorphism of functors
H i(P •) ∼= Riπ∗(G) : Nil(p-R)→ Ab
for 0 ≤ i ≤ n−1, compatible with any base change R→ R′, with R′ being any commutative
(not necessarily Noetherian) ring.
Proof. Consider the composition of functors
R•π∗(G) : Nil(R)
pi∗−→ Nil(X )→ D(Ab)
sending a nilpotent OR-algebra A to H•(X , G[π∗(A)]). We remark that it is not a sheaf in
general. Following the notations of (7.2.3), we have a canonical isomorphism
Ŵ (A)⊗EM iG ∼= Ŵ (π∗(A)|U i)⊗Ei M iG,
functorial in A ∈ Nil(R) and compatible with the pull-back maps U i → U j of affine schemes,
see [Ray79, 2.4.3]. This, together with Proposition 7.11, implies that there is a canonical
isomorphism in D(Ab), functorial in A ∈ Nil(R)
(7.2.8) R•π∗(G)(A) ∼= Ŵ (A)⊗EM•G,
where Ŵ (A) ⊗E M•G is the Cˇech complex of abelian groups (7.2.3). Consider the complex of
E-modules
(C•n+1)
i :=

M iG, if i ≤ n,
ker{Mn+1G
dn+1−−−→Mn+2G }, if i = n+ 1,
0, otherwise.
We make the following claims.
(1) C•n+1 is a complex of V -flat modules. In particular,
H i(Ŵ
L⊗E C•n+1) = H i(Ŵ ⊗E C•n+1) = Riπ∗(G),
for 0 ≤ i ≤ n− 1 and it is compatible with arbitrary base changes R→ R′.
7Note that [Ray79, Thm. 2.7.3] works for any commutative Z(p)-algebra R which is complete for the p-adic
topology, while we need a much more restricted class of rings.
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(2) For 0 ≤ i ≤ n+ 1, then
H i(Lie(C•n+1)) = H
i(Lie(M•G)) = H
i(X ,Lie(G)).
In particular, the cohomology groups of Lie(C•n+1) are R-modules of finite type.
Assume the claim holds. Then Lie(C•n+1) is a bounded complex of flat R-modules with finite
type cohomology. Hence, by Lemma 7.13 below, Lie(C•n+1) is quasi-isomorphic to a perfect
complex L• of R-modules. Then the theorem follows by applying [Ray79, Thm. 2.6.4, Ex.
2.6.5(ii)] at the (bounded from above) complex C•n+1 of E-modules and the perfect complex L
•
of R-modules.
We now show the claim. The E-modules M iG are V -flats since π is a flat morphism (see
[Ray79, §2.5]) and so Claim(1) holds true for (C•n+1)i for i 6= n + 1. We have to show that
the E-module (C•n+1)
n+1 = ker(dn+1) is V -flat, i.e. that the R-module Lie(ker(dn+1)) is flat.
Consider the factorization
dn+1 :Mn+1G
dn+1
։ Im(dn+1) →֒Mn+2G ,
and observe that ker(dn+1) = ker(dn+1). Consider the commutative diagram of E-modules
(7.2.9)
ker(dn+1) Mn+1G Im(d
n+1)
ker(dn+1) Mn+1G Im(d
n+1)
Lie(ker(dn+1)) Lie(Mn+1G ) Lie(Im(d
n+1))
V
dn+1
V V
dn+1
dn+1
where the upper two rows are clearly exact and the three vertical columns are exact by the
definition of Lie(−) and the fact that Mn+1G is without V -torsion (which implies that also
ker(dn+1) ⊆ Mn+1G is without V -torsion) and that Im(dn+1) is without V -torsion being a sub-
module of Mn+2G which is without V -torsion. These facts and the snake lemma implies that the
last row of (7.2.9) is also exact, and in particular we get an inclusion
(7.2.10) Lie(ker(dn+1)) →֒ Lie(Mn+1G ).
Now, from this inclusion, we deduce that the R-module Lie(ker(dn+1)) is flat since over a DVR
flat is equivalent to torsion-free ([Sta18, Tag 0539]), Lie(Mn+1G ) is flat and the property of being
torsion-free is preserved by taking submodules. This concludes the proof of the Claim(1).
On the other hand, Claim(2) is obvious for i ≤ n−1. It remains to show the cases i = n, n+1.
Take the exact sequence of R-modules
(7.2.11)
Lie(ker(dn+1)) // Lie(Mn+1G )
Lie(dn+1)
// Lie(Mn+2G )
// Lie(coker(d)n+1) // 0
coker(Lie(dn+1))
The vertical equality follows because the functor Lie(−) :MR → Mod(R) of abelian categories
is right-exact. By previous point, the above sequence is left-exact, i.e.
(7.2.12) Lie(ker(dn+1)) = ker(Lie(dn+1)).
In particular,
Im
{
Lie(MnG)→ Lie(ker(dn+1))
}
= Im
{
Lie(MnG)→ Lie(Mn+1G )
} def
= Im(Lie(dn)),
ker
{
Lie(MnG)→ Lie(ker(dn+1))
}
= ker
{
Lie(MnG)→ Lie(Mn+1G )
} def
= ker(Lie(dn)).
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From the first equality, we get
Hn+1(Lie(C•n+1)) =
Lie(ker(dn+1))
Im(Lie(dn))
=
ker(Lie(dn+1))
Im(Lie(dn))
def
= Hn+1(Lie(M•G))).
Similarly, from the second equality, we obtain Hn(Lie(C•n+1)) = H
n(Lie(M•G))) and we are
done. 
Lemma 7.13. Let R be a Noetherian ring. Let K• be a bounded complex of flat R-modules
with finite type cohomology, then there exists a perfect complex L• of R-modules and a quasi-
isomorphism L• → K• such that
H i(R′ ⊗R L•) ∼= H i(R′ ⊗R K•)
for any i and for any base change R → R′, with R′ being any commutative (not necessarily
Noetherian) ring.
Proof. See [Mum70, §5 Lemma 1 and 2]. 
We now focus our attention on the smooth formal group Ĝm, i.e. the formal completion of
the multiplicative group Gm along the identity section. We denote by Ĝm,X the formal group
functor induced on X .
Let π : X → Spec(R) be a proper and cohomologically flat morphism. Then, the push-
forwards Riπ∗Ĝm,X in low degrees along the morphism π : X → SpecR can be described as it
follows:
(7.2.13) N → ker{H i(XR⊕N ,Gm,XR⊕N )→ H i(XR,Gm,XR)} , for i = 0, 1,
where R⊕N is the R-algebra defined as in (7.1.1). We remark that, despite the notation, the
functor Riπ∗Ĝm,X is not a sheaf in general. We are now ready for
Proof of Theorem 7.1. From (7.2.13), we get immediately the following equalities
(a) R0π∗(Ĝm,X ) = Ĝm,R,
(b) R1π∗(Ĝm,X ) is the completion P̂ic of Pic
τ := PicτX/R along the identity section,
(c) Lie(Ĝm,X ) = OX .
Since we are supposing that ΠτR is equidimensional, we have that
(7.2.14) dimK R
1π∗(Ĝm,X )|K = dimK P̂icK = dimk P̂ick = dimk R1π∗(Ĝm,X )|k.
Let P • be a bounded complex of smooth formal R-groups, obtained by applying Theorem 7.12
to the smooth formal group Ĝm,X and with n = 3. By (7.2.14), we have that
(7.2.15) dimK H
1(P •K) = dimkH
1(P •k ).
Assume e ≤ p − 1. By [Ray79, Corollary 3.3.3] and using (7.2.15), we get that R1π∗(Ĝm,X ) =
P̂ic is flat over R and the sheafification R˜2π∗(Ĝm,X ) with respect to the fppf topology, is
representable by a formal group B over R. The first fact already proves that ΠτX/R : Pic
τ →
SpecR is flat along the zero section if e ≤ p− 1 (in particular (ii) holds).
Let PicτK be the flat closure of Pic
τ
K in Π
τ
X/R : Pic
τ → SpecR. If we show that the group
scheme T = Picτ /PicτK is trivial for e < p− 1, we are done. Fix an element x ∈ T (k). Since k
is algebraically closed, there exists a line L ∈ Xk representing the class x. For proving T = {1},
it is enough to show that, up to a fppf base change, L lifts to a line bundle on X . By Formal
GAGA for stacks (see [Con05]), we can replace X with its completion X̂ along the special fiber
Xk. The obstruction of lifting L over X̂ is an element in
H2(X̂ , Ĝm,X̂ ) = R2π∗(Ĝm,X̂ )(m).
By construction, the obstruction defines an element η ∈ B(m). Then arguing as in [Ray79,
Proof of Theorem 4.1.2], we get the assertion. 
30
Acknowledgments. We are grateful to Marco Boggi, Andrea Di Lorenzo, Gabriele Mondello
and Roberto Pirisi for useful conversations. The first author is a postdoc at the University of
Helsinki, supported by the Academy of Finland (project no.1322218). The second author is a
member of the CMUC (Centro de Matema´tica da Universidade de Coimbra), where part of this
work was carried over.
References
[AC87] Enrico Arbarello and Maurizio Cornalba. The Picard groups of the moduli spaces of curves. Topology,
26(2):153–171, 1987. 2, 14, 20, 21
[AC98] Enrico Arbarello and Maurizio Cornalba. Calculating cohomology groups of moduli spaces of curves
via algebraic geometry. Inst. Hautes E´tudes Sci. Publ. Math., (88):97–127 (1999), 1998. 3, 9, 10, 12,
14, 15, 20, 23
[ACG11] Enrico Arbarello, Maurizio Cornalba, and Phillip A. Griffiths. Geometry of algebraic curves. Volume
II, volume 268 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Math-
ematical Sciences]. Springer, Heidelberg, 2011. With a contribution by Joseph Daniel Harris. 9
[Art69] Michael Artin. Algebraization of formal moduli. I. In Global Analysis (Papers in Honor of K. Kodaira),
pages 21–71. Univ. Tokyo Press, Tokyo, 1969. 5
[Ber06] Jose´ Bertin. Le champ des courbes hyperelliptiques lisses en caracte´ristique deux. Bull. Sci. Math.,
130(5):403–427, 2006. 2, 10, 20
[BLR90] Siegfried Bosch, Werner Lu¨tkebohmert, and Michel Raynaud. Ne´ron models, volume 21 of Ergebnisse
der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-
Verlag, Berlin, 1990. 5, 8, 24
[BP00] Marco Boggi and Martin Pikaart. Galois covers of moduli of curves. Compositio Math., 120(2):171–191,
2000. 4
[Bro09] Sylvain Brochard. Foncteur de Picard d’un champ alge´brique. Math. Ann., 343(3):541–602, 2009. 3, 4,
5, 6, 7, 8
[Bro12] Sylvain Brochard. Finiteness theorems for the Picard objects of an algebraic stack. Adv. Math.,
229(3):1555–1585, 2012. 3, 4, 6, 7, 8, 10, 27
[Con05] Brian Conrad. Formal GAGA for Artin stacks. 2005. 30
[Cor07] Maurizio Cornalba. The Picard group of the moduli stack of stable hyperelliptic curves. Atti Accad.
Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl., 18(1):109–115, 2007. 9
[DL] Andrea Di Lorenzo. Picard group of moduli of curves of low genus in positive characteristic. Preprint
https://arxiv.org/abs/1910.08758. 2, 20
[DM69] Pierre Deligne and David Mumford. The irreducibility of the space of curves of given genus. Inst.
Hautes E´tudes Sci. Publ. Math., (36):75–109, 1969. 4
[EG98] Dan Edidin and William Graham. Equivariant intersection theory. Invent. Math., 131(3):595–634, 1998.
2, 15
[FO10] William Fulton and Martin Olsson. The Picard group of M1,1. Algebra Number Theory, 4(1):87–104,
2010. 2, 16, 20
[FP19] Roberto Fringuelli and Roberto Pirisi. The Picard group of the universal abelian variety and the
Franchetta conjecture for abelian varieties. Michigan Math. J., 68(3):651–671, 2019. 15
[Fri18] Roberto Fringuelli. The Picard group of the universal moduli space of vector bundles on stable curves.
Adv. Math., 336:477–557, 2018. 10
[FV] Roberto Fringuelli and Filippo Viviani. The Picard group of the universal moduli stack of principal
bundles on pointed smooth curves. Preprint https://arxiv.org/abs/2002.07494. 14, 16
[Gro62] Alexander Grothendieck. Fondements de la ge´ome´trie alge´brique. [Extraits du Se´minaire Bourbaki,
1957–1962.]. Secre´tariat mathe´matique, Paris, 1962. 7, 8
[Gro67] Alexander Grothendieck. E´le´ments de ge´ome´trie alge´brique. IV. E´tude locale des sche´mas et des mor-
phismes de sche´mas IV. Inst. Hautes E´tudes Sci. Publ. Math., (32):361, 1967. 23
[Har83] John L. Harer. The second homology group of the mapping class group of an orientable surface. Invent.
Math., 72(2):221–239, 1983. 2
[Har86] John L. Harer. The virtual cohomological dimension of the mapping class group of an orientable surface.
Invent. Math., 84(1):157–176, 1986. 3, 23
[Har88] John L. Harer. The cohomology of the moduli space of curves. In Theory of moduli (Montecatini Terme,
1985), volume 1337 of Lecture Notes in Math., pages 138–221. Springer, Berlin, 1988. 2
[Kee92] Sean Keel. Intersection theory of moduli space of stable n-pointed curves of genus zero. Trans. Amer.
Math. Soc., 330(2):545–574, 1992. 2, 11, 12, 13, 20
[Kle05] Steven L. Kleiman. The Picard scheme. In Fundamental algebraic geometry, volume 123 of Math.
Surveys Monogr., pages 235–321. Amer. Math. Soc., Providence, RI, 2005. 5, 6, 7, 8
[Knu83a] Finn F. Knudsen. The projectivity of the moduli space of stable curves. II. The stacks Mg,n. Math.
Scand., 52(2):161–199, 1983. 8
31
[Knu83b] Finn F. Knudsen. The projectivity of the moduli space of stable curves. III. The line bundles on Mg,n,
and a proof of the projectivity of Mg,n in characteristic 0. Math. Scand., 52(2):200–212, 1983. 17
[Lar] Eric Larson. The integral chow ring of M2. Preprint https://arxiv.org/abs/1904.08081. 2
[Mor01] Atsushi Moriwaki. The Q-Picard group of the moduli space of curves in positive characteristic. Internat.
J. Math., 12(5):519–534, 2001. 3, 10, 12, 14, 15, 20
[MP12] Davesh Maulik and Bjorn Poonen. Ne´ron-Severi groups under specialization. Duke Math. J.,
161(11):2167–2206, 2012. 8
[Mum65] David Mumford. Picard groups of moduli problems. In Arithmetical Algebraic Geometry (Proc. Conf.
Purdue Univ., 1963), pages 33–81. Harper & Row, New York, 1965. 2
[Mum70] David Mumford. Abelian varieties. Tata Institute of Fundamental Research Studies in Mathematics,
No. 5. Published for the Tata Institute of Fundamental Research, Bombay; Oxford University Press,
London, 1970. 30
[Noo] Behrang Noohi. Foundations of topological stacks I. Preprint https://arxiv.org/abs/0503247. 4, 18
[Noo04] Behrang Noohi. Fundamental groups of algebraic stacks. J. Inst. Math. Jussieu, 3(1):69–103, 2004. 17,
19
[Ols05] Martin Olsson. On proper coverings of Artin stacks. Adv. Math., 198(1):93–106, 2005. 18
[Ols07] Martin Olsson. Sheaves on Artin stacks. J. Reine Angew. Math., 603:55–112, 2007. 18
[OS] Shinnosuke Okawa and Taro Sano. On the noncommutative rigidity of the moduli stack of stable
pointed curves. Preprint https://arxiv.org/abs/1412.7060. 23
[PTT15] Flavia Poma, Mattia Talpo, and Fabio Tonini. Stacks of uniform cyclic covers of curves and their picard
groups. Algebraic Geometry, 2(1):91–122, 2015. 9, 13, 16
[Ray79] Michel Raynaud. “p-torsion” du sche´ma de Picard. In Journe´es de Ge´ome´trie Alge´brique de Rennes
(Rennes, 1978), Vol. II, volume 64 of Aste´risque, pages 87–148. Soc. Math. France, Paris, 1979. 3, 23,
24, 25, 27, 28, 29, 30
[Sch03] Stefan Schro¨er. The strong Franchetta conjecture in arbitrary characteristics. Internat. J. Math.,
14(4):371–396, 2003. 3, 14, 15, 16
[Sta18] The Stacks Project Authors. Stacks Project. https://stacks.math.columbia.edu, 2018. 18, 19, 22,
27, 29
[Vis98] Angelo Vistoli. The Chow ring of M2. Appendix to ”equivariant intersection theory”. Invent. Math.,
131(3):595–634, 1998. 2, 10, 20
[Zin] Thomas Zink. Cartier Theory of Commutative Formal Groups. English translation of
Cartiertheorie kommutativer formaler Gruppen de Thomas Zink, Teubner-Texte zur Mathe-
matik, vol. 68, Teubner Publishing Company, Leipzig, 1984. Available at https://perso.univ-
rennes1.fr/matthieu.romagny/articles/zink.pdf. 25
[Zin84] Thomas Zink. Cartiertheorie kommutativer formaler Gruppen, volume 68 of Teubner-Texte zur Math-
ematik [Teubner Texts in Mathematics]. BSB B. G. Teubner Verlagsgesellschaft, Leipzig, 1984. With
English, French and Russian summaries. 25, 26
Roberto Fringuelli, Department of Mathematics and Statistics University of Helsinki PO Box
68 FI-00014 Helsinki Finland
E-mail address: roberto.fringuelli@helsinki.fi
Filippo Viviani, Dipartimento di Matematica e Fisica Universita` Roma Tre Largo San Leonardo
Murialdo I-00146 Roma Italy
E-mail address: viviani@mat.uniroma3.it
32
